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 Balmer lines, due to linear Stark broadening, overlap with each other
close to the series limit, merging into a quasi-continuum at frequencies
well below the nominal threshold.

o Iflinear Stark broadening is the dominant mechanism, one can
estimate the N, from the highest frequency Balmer line n,... that is still
visible — the Inghs & Teller (1939) relation:

logN, =23.26—7.5logn>""

Star SpT Nn... |Log N,
a Cyg A2l 29 12.2
Sirius A2V 18 13.8
T SCO BOV 14 14.6
White dwarf DA 8 16.4

From Mihalas (1970)
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Rotational broadening

Thermal Doppler broadening describes the microscopic motion of individual
particles in the atmosphere. The other scale extreme is macroscopic
broadening of the lines caused by the rotation of the whole star. The maximum
(critical) rotation velocity I/, = N(GM/ R,) where R, is the equatorial radius.
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Rotational broadening

Successive synthetic models allowing for Doppler and Stark broadening are
shown here for IV sin /=0, 100, 200 km/s.
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Vet SIN1?

l‘O

Many early-type OB stars are observed to be rotating rapidly (Be stars
close to critical rotation), so this is the major broadening mechanism in
these stars. Why sin(1)? Inclination is rarely known, except for
eclipsing binaries. o . . . . .

Normal Dwarfs
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Fig. 17.16. The average rotation rates are shown for spectral intervals as a function
of spectral type. (Data are from Uesugi and Fukuda (1982), Soderblom (1983),
and Gray (1982b, 1984b).)




Any spectrograph used to observe a star has a finite resolution
(R=A/AL), regardless of the sharpness of the spectral line. For
low resolution data (necessary when observing faint objects),

this may affect the observed line profile more than everything

else.

High (R=20,000),medium
(R=2,000) and low (R=200)

. 35
resolution Solar spectra at \ —
2microns. . R

Faint stars with intrinsically
narrow lines are generally
broadened the most by the
spectrograph!



Instrumental Broadening

High (R=20,000), medium (R=2,000), and low (R=200) resolution Solar spectra at
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Final profile is a convolution of all the key broadening processes.
Convolution of Lorentzian profiles: I', ;=T
Convolution of Lorentzian and Doppler broadening yields a Voigt profile.

Pressure/collisional broadening via linear Stark broadening (only for
hydrogenic ions), quadratic Stark broadening (interaction with electrons -
hot stars) or Van der Waals broadening (interaction between neutral
atoms - cool stars).

Inglis-Teller relation allows estimate of N, from overlapping Balmer lines
in hot stars.
Non-pressure broadening mechanisms include microscopic (thermal

Doppler), macroscopic (rotational Doppler), turbulent, Zeeman,
instrumental.

Line profiles typically have characteristic Voigt profiles — Gaussian
(thermal) cores and Lorenzian (pressure) wings.



Simple theory of line
formation

SIMPLE LINE TRANSFER
SCHUSTER-SCHWARZSCHILD MODEL
THEORY OF LINE FORMATION
CURVE OF GROWTH




Schuster-Schwarzschild model

We now turn to the solution of the transfer equation for both

line and continuum radiation. We will adopt the Schuster-Schwarzschild
model, which assumes that the line is formed above the continuum and that
continuous opacity plays only indirect role.

The total absorption coefficient within an arbitrary line is the sum of the line
(o) and continuum () contributionsi.e. o, = ¢+ as is the total emission
coefficient (&= ¢ +.). Hence,

S,=(ep+er) /(g +a)
and

So, we can write the transfer equation as usual:

dly(0)
dTA

cos 6 =0100)— 35,




Line source function

* We have seen earlier that the emergent flux from the stellar surface is  times
the Source function at an optical depth of 2/3:

FA(0) = $;(z = 2/3)

* Across aline profile, ¢, varies, being larger towards the centre. The condition
7,=2/3 is true higher up in the atmosphere for /1 near line centre and
holds for progressively deeper layers for A further into the wing.

« Assuming S, is a slowly varying function of A (i.e. constant over the line width),
1S, (t; = 2/3) = F,(0) provides a mapping between F, as a function of 1 and
S, as a function of 7,

#4(0)




Theory of line formation

Because of larger absorption in the line, it is formed higher up in the
atmosphere where T'is lower => absorption line.

O= Lt
Consider weak lines: the layer 7,=2/3 is close to the layer with 7.=2/3.
o <<a; 2 o= oc(l+va/a)

We can evaluate S, by a Taylor expansion around the point 7. = 7;:

ds,
Si(ty =2/3) = S;(tc =2/3) + a7 At
Clr=2/3
o _2_0; 2 .
o/te=oy /o 2 1= (Tp+7e) ot S sara 5( _Ec) for OéL <<
2 204 Such a line is
Tc= T;\+ATC= 3 +ATC > ATC= - EEC <— called optically
thin.




Theory of line formation

2 a, dS)L

Si(t3=2/3) = S)(tc =2/3) —=————

The line equivalent width is then (LTE: S; = B;) 3 cdlclys
F.—F By(t, =2/3) — By(r)y = 2/3
lefc /ld/lzfd/lﬁ(c /3) — By(ta = 2/3)
Fe B;(tc = 2/3)
dB)(t. =2/3 2a 1
W,1=jdﬂ A (T = 2/3) 2a, _
dt, _2/3 3ac)By(t. =2/3)

2 dinB; (t. = 2/3
W/‘1=§fd/1 A(c /)

_21dInBy(r. =2/3) j Weakly depends on A
Wy, =- X | apdA
3 ac ’ dTC 1.=2/3 J
The profile mimics the shape of «;.
If there is no temperature gradient with the Line strength can be increased by
temperature decreasing outwards, then there decreasing the continuous absorption a;
are no absorption lines in the spectrum. or by increasing the line absorption ;.




Theory of line formation

(0]

21dnBy(zr,=2/3
3ac dt, re=2/3 2
a, = oyn, N=fndr=alcfacdr=rcalcz§alc-)W;LocN

For optically thin lines with o, << o, W, oc NV




Strong lines

For o, << ¢, the line is optically thin, and its strength increases
proportionally with ¢, /o, If ¢, /->1, the line becomes optically thick,
reaching a maximum depth R,. For very thick lines with ¢, / o=, the
intensity in the line centre is given by the source function S, (7,=0), or

B,(7,= 0) in LTE. This is not zero since T(7,= 0) is non-zero.

If non-LTE applies, when S, #B,, S, (1,=0) may tend towards zero, for instance,
in resonance lines (arising from transitions between the ground states and
the first energy level).

Fig. 10.12. Changes of the line profile with increasing k, /k. for (a) optically thin
and (b) optically thick lines.




The Curve of growth describes how the equivalent width (line
strength) W, depends on the number of absorbing atoms or ions.

For weak, optically thin lines, as the abundance doubles, the line
equivalent width also doubles in strength:
W, ~N — this is the LINEAR part of the curve of growth.

As the abundance continues to increase, the Doppler core of the line
becomes optically thick and saturates. The wings of the line, which are
still optically thin, deepen, which occurs with little change in the line
equivalent width and so produces a PLATEAU in the curve of growth,
W,~(In N)V/2,

Ultimately, the damping wings become optically thick, increasing the
equivalent width, W, ~(IN)"/2. This is the DAMPING or SQUARE ROOT
part of the curve of growth.
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Curve of Growth

Curve of growth for the K line of Ca II. As N increases, the functional
dependence of the equivalent width changes.
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» Using the curve of growth and a measured
equivalent width we can derive the number of
absorbing atoms.

* The Boltzmann and Saha equations convert this
value into the total number of atoms of that
element in the photosphere - abundance.

e To reduce errors, it is advisable to locate several
lines on a curve of growth



Thermal and Pressure effects

The exact form of the curve of growth depends on the ratio of pressure to
thermal broadening, o =y / 2A/A,,.

For increasing Doppler line width, saturation occurs for larger I//,, whilst the
damping part will start earlier if « (i.e. ) is larger.

Large y __~
//
log W, Large My -7
T T T T T T -
/ ——l

Small AA,

—= log X (A,)




Transfer Equation
including lines

SCATTERING IN LINES
THE MILNE-EDDINGTON MODEL
RESIDUAL FLUX OF THE LINE
ABSORPTION AND SCATTERING LINES
SCHUSTER MECHANISM FOR LINE EMISSION




Summary of simple line transfer

Simple line transfer:

The total absorption coefficient within an arbitrary line is the sum of the line (¢, ) and
continuum (o) contributionsi.e. o, = o+ as is the total emission coefficient
(&= g +&:). Hence,

Si=lare)/ (g + o)

and
do,=-(oq+a) dz T, = T+ ¢
So, we can write the transfer equation as usual:  cos# d;’l—r(e) =1,(0) -5,
A
The surface specific intensity 1;(0,0) = J Sy (t))e~"as¢ 9 sec g dr,
and surface flux 0,
are obtained as previously. Fy(0) =2m j I; (0,0)udu u=cos 6
0

Again, we need to know S(7) to evaluate these integrals.




Scattering in lines

e Special case:
Coherent scattering: v, = v,

e Common case:
2-level atom absorbs photon with — a
frequency v,, re-emits photon with
frequency v.; frequencies not exactly
equal, because
o levels a and b have non-vanishing energy width
o Doppler effect because atom moves

» Non-coherent scattering requires
a redistribution function

V 1 V 2

268




Transfer Equation including lines

Classical approach:

absorption of photons by line has two parts

1. (1-€) of absorbed photons are scattered
(e” returns to original state)

2. (of absorbed photons are destroyed
(into thermal energy of gas)

(for LTE: { =1)

Resonance lines Subordinate

(to/from the [ f lines (to/from
ground level) i 7 higher levels)

i I/
A photon 122 A photon 324
returns backto . | disappears,
the radiation field,” | l
thus dominates thus dominates
Scattering 1 | True absorption




Scattering

e Pure Absorption and Thermal Emission:
£
S(t) = E LTE: Eth = ath B(T)

e Pure Scattering:
For the case of pure scattering, the associated emission becomes completely
insensitive to the thermal properties of the gas, and instead depends only on the
local radiation field. If the scattering is roughly isotropic, the scattering emissivity
£, in any direction depends on both the opacity and
the angle-averaged mean-intensity & =x, p /=,
This implies then that, for pure-scattering,
S =J(@)
e Source Function for Scattering and Absorption:
The total opacity consists of both scattering and absorption, o = o, .+ o,
The total emissivity likewise contains both thermal and scattering components

e= &gy + &~ oy B+a,J. The general source function
absorption fraction (=

S(t)=¢B+(1-J()
I

aabs

aabs+ asc




The Milne-Eddington model (1)

Consider a case where at the given frequency the total opacity is a combination
of both continuum and line processes:

: .. : scattering in the continuum
Total absorption coefficientis a,= af + ak + < 8

a, X qbv; line opacity X line profile

The total optical depth is dr, = —(a$ + ak + o) ds

(larger than in the continuum!)

The correponding emissivities &, = €5 + €& + a7,

| Recallradiative | a1y I

al, (1)
! l’l — IV (M, TV) o SV(TV) :transferequation | ME - _avlv + gv l




The Milne-Eddington model
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_____________________________

Transfer equation: £=gy+ 8= ayBta,] !

_____________________________

-absorbed +thermal +scattered
dl,

\ |
u——=—(ay +ay+o)l, + & +ajy +{ayB, + (1 C)Taé v
+therm. line em. +scat. line emission (coherent)

Without dealing with the general case for the computation of all
coefficients we assume:

* LTE in the continuum es = alB,(T)

e scattering negligible in the continuum o < af

The following slides with light-grey backgrounds (like in this box) are for self-study.
The derivation of equations will not be asked at the exam but will help understand
the important results and conclusions.




The Milne-Eddington model (2)
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________ dl, .
ME——(% + a1, + a$B, + {alB, + (1 — \)alj,
L
Using f, = % dr, = —(al + al)ds = —al (1 + B,) ds
dIv 1+ (,Bv (1 _ (),Bv
—=1,—B = =L —-—A,B,—(1—A1
'udTv v Y1+, 1+ 8, Jv v vBy = ( v) v
destruction probability —P /11/ = 1+¢By
| 1+8,
dl, Milne-Eddington Equation.
u—-=1, — /1va — (1 — /11,) Iy Solve at each frequency point
dTv across profile.




The Milne-Eddington model (3)
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dl

”d_’[:/, =1, —A,B,—(1—-4,) /],

Milne-Eddington assumptions (for analytical solution):
1. B, A,and ¢are constant with depth

2. B, islinear in continuum optical depth: B =a+bt,
dr,

14

a'-T{: —
1+ 3, 1+ 3,

1
Also, the Eddington approximation K;(71;) = 3 Ja(ty)




Lecture 6

73

Recap: Eddington approximation

Lecture 18

K-integral and radiation pressure

Eddington approximation (1)

O I
/’ ~\
N\

. . 5 e 7
K-integral is related to the radiation pressure: , , _ 1 }( I cos? B 3
\ A= 4 4 V4
~

’/
‘-_——

A photon has momentum p,; = E) /c
Consider photons transferring momentum to a solid wall. Force:

dpl.L 1. dEA
F =
Ty e ——cos Y
F  1dEjcosd 1

Pressure: dP; = = 21,1 cos? 9 dw dA

\ i

1’1 = cos fdA do dw dt

do ¢ dt do

1 4
P(/.{) = E fla cos?9 dw = TKA

4T

@

* Previously we have seen that for the determination of the flux the anisotropy in
the radiation field is very important because in the flux integral the inward-going
intensities are subtracted from the outward-going ones, due to the factor cosé.

+ But for K, a small anlsotropg' is unimportant because the intensities are multiplied
by the factor cos”@, which does not change sign for inward and outward radiation.

» Inorder to evaluate X or c, we can approximate the radiation field by an isotropic
radlatlogl field of the mean intensity /: I = ] (by definition). From the definition of
K, we obtain

AT Ky = jEIA(TA; 8) cos2 0dw = ]A(r;{) %cos2 Odw = —],1(‘:1)
or after division by 4n, , ~ o & 8

f K ( = l \
\ 2(t) = 3]/1(1'1) J
~ -
= ) — o — = =

This approximation for the K-function is known as
the Eddington approximation.




Recap: Moments of intensity

e The mean intensity J/, is the directional average (over 4r steradians) of the
specific intensity [0-th moment of intensity]:
1

UL G —anl()d—ljl d
]’1_4n adw =7— pwdu = (1) du

1

2

-1
e Eddington flux H, is the directional average (over 4n steradians) of the

projection of the specific intensity [1st moment of intensity]:
1

1 1
yp= Iacosedw——jl(u)udu——jl(u)udu

H
A= 2

-1 F, - astrophysical flux
H, - Eddington flux

e K-integral [2nd moment of 1nten51ty] : F=nf,=tnH;
1 1

1 21 1
= — 2 = — 2 = — 2
K; 4nf1,1cos 0 dw yy jl(u)u du 5 fl(u)u du
~1 -1




The Milne-Eddington model (4)
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1 r*1 dl 1t
—j_l o [u]dp X _v:Iv - LBy -1 -4) X_j—1 - [u] du

2 Hdr, 2
Multiply both sides by d/zand x dzz and integrate:
dH,
d = -AB,—A-24,)), =40, —B))
TV
:- (K ;,1_:-}7 @ _:-HET; -: de = H. = 1 % F, - astrophysical flux
Vo dra 4w 1 dt v 3dTt H, - Eddington flux
The third radiative equilibrium condition v v ﬁ — TEFX= At Hx
Differentiate again \
d*K, 2

_ (] ) _ ld Jv . Eddington
dTV vV v/ 3 dTE approximation




The Milne-Eddington model (5)
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1 dzjv
3 dt2

=10y —By)

- . ... d*’B
B, is linear in 7, so zero second derivative —~* = 0

‘/ d‘l,'v
1d2]v_1d2(]v_ V)—ﬂ B
3dt:2 3 dr? =AUy = By)

\ J
)\ 4

This can be integrated to give
Jy — B, = Ae V3N 4 BeV3hTy

Apply boundary condition at depth:
T,2>© = J,->B, > B=0



The Milne-Eddington model (6)
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N\ Lecture 19
J, —B, = ecture

Eddington approximation (3)
Now ay

¢ Boundary condition: there is no flux going into the star,
ie.1(00)=I=0forn/2<0<m
* We also assume that the outward intensity does not depend upon &,

From g ie:(06)=1=const for 0<0<n/2

: 1 1
o ltgives  j0) = gﬁ =5.F(®
S(1) = %TF(O) +C=J)

* Hence C=/(0)=F(0)/2m so: / // ,

13,1 ’ 2
S(1) _n(4r+2)F(0) —_ ES(T) =— (1t +=)F(0)

To find the depth dependence of T, we also need to assume LTE.

S q(o) s a slowly varying

function (Hopf function),
with g = 1/4/3 at =0




The Milne-Eddington model (7)
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]v = Bv = Ae™V 3Ty + Mv

Now apply boundary condition at at surface:
7, =0 = J, =B, +«A

From grey atmosphere solution, get /(7=0):

Eddington approximation (2)

dK F
* Inserting the Eddington approximation into the above equation () = ©

we find dt am

dKk(r) 1dj(zr) F(1) _ d/j(z) 3
dr 3 dr _ am drt _4nF(T)




]v — Bv = Ae Vv 3y Ty + B>@v

Now applv boundary condition at at surface:
7, =0 = J, =B, +«A

From grey atmosphere solution, get J(7=0):

J(1) = i [T *+gq(1t)]F(0) =3H(0 + i) =/3H

_ V3
1 dJ 1
_2vl 2 (0)=——J(0
3dr,| _, % J3 (0)
1 djy
From B =a+bt. J,(t,=0) =B, + A = a+A = N




The Milne-Eddington model (9)
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J, =B, + Ae V3N = q + b1, + Ae V3T

1 dj, 1 [ b ]
— Y =—|-A/32, + = atA
\/§dTV TV=0 \/§ Y 1 + ﬁv
can now solve for A! \\
TI-—"'
— Te =
gL v~ 1+ 3.
V3 +./31,
. _ b
Define p, = g
v \/—a
— —,/3/1 T
() =a+tp1y,+ v

\/—+\/ﬁ



The Milne-Eddington model (10)

Thus, we obtained the fully analytic solution for the mean intensity

\/_ 3a Thermalization
= —V3hTy depth
S (@) \a‘l'vav V_+me \»Tv:1
B, Vi
]V - BV
]V < BV
in outer parts of
We can use this to obtain the emergent flux atmosphere

1 a ,—V3a p,+aV31,
Hy,(0) = \/_§]"(O) B \/§+ 3(1+V4,) 3(1+V1)




Residual flux of the line

al Ty

P, +a /_3).1, B=atbr. B, = a:é Te= 73,
H, (O) — b
3(1+V71,) - L1t
Y1+ By VT 1+ By
Residual flux (relative intensity)
_ kK H,(0)
VTR T H(0)

for continuum H: [, =0 = p,=b A,=1

HC(O) — é(b +2a\/3_)

) -
YT A+ Y1)+ aV3)
-




Non-negligible scattering in continuum

285
ak Ty
p, +a /_3/11/ B=at+bt, P, Ea—g Tc= T3
Hv(o) —
3(1 ++v1,) __b _3+3tB,
pv_l‘l'ﬁv Ay = 1+p0,
for continuum #: [, =0 = p,=Db A, =1° ]
without proof
3
H.(0) = (b + a+/3(%)
3(1++/¢°)

r_(pv+a 34, )\ [1++/2€
"\ b+ay37¢ ) \1+ /2,



Various special cases

(259
at T,

. 2 pv+a\/3_/1v BV=3+bTC 'Ban—S Te = 1—|—ﬁy

%
(1+/2,)(b + aV3) _ b 1448
Pv=13p, ME 1+8,

This general result contains interesting behaviours in various special cases:
a) case( =1 (LTE: pure absorption lines)

b) case { =0 (extreme non-LTE: pure scattering lines)

c) Schuster Mechanism: Line Emission from Continuum Scattering Layer
p, +a/31,\(1+ ¢
'r' -
"\ b+a3¢¢ J\1+/2,




Pure absorption lines (LTE)
al Ty

Dy t+ a4 34, ’ ‘ a$ 1+ 3.
(1+/2,)(b + aV3) b 148,

T, = 2

a) pure absorptioninline: { =1 ,
— pv+a‘/§_1+ﬁv+a\/§

_1+4pB,
WET go=1 W) BT ET a0
F li > 1 Gidd - B(5=9
or strong lines: r = = =
5 By " b+av3 b/N3+a B, (1, =1/V3)
For grey atmosphere, strongest lines:
S.(r ):i(r +%)F 0) Non-zero
AT 4 hy 3t because we see
a/b=2/3 2 r,=0.54 B, at upper level
Thus, in LTE, the residual flux is non-zero even for strong with non-zero

absorption lines. However, resonance lines such as Na D temperature
have R~103-10+%




Pure scattering lines (extreme NLTE)

, p, + a /3/11/ B=a+bt, 'BanS Tec= 1+}3v
Y., =
T A+ )0+ av3) pv51+bﬁ L _1H3B,
v v 1+ 06,
b) pure scattering in line: { = 0 b__ .. / 3
_1+p 1 H r =2 1+ B, 1+ B,
LHh 1+h (1+ —1+1ﬁ )(b + av3)

Scattering removes all photons
- no photon emerges from
surface. Cores of strong
scattering lines are dark!




The residual flux Rx vs frequency x

10°

fo=10




The residual flux Rx vs frequency x

Ry a,=1073 Ry

-20 -10 0 10 2;}XI-éOIIII-IIO"I 0 III]OIIIIQG:
[n LTE, the residual flux is non-zero even for; In non-LTE, no photon emerges from

strong absorption lines because we see the | surface due to scattering. Cores of strong
star surface with non-zero temperature. | scattering lines are dark!




Line emission from continuum scattering layer

291 .
a T
B=atbr, =— T.= -

(Pv+a 3/11,)<1+\/5C> S L+ B
= . €+ 3B,
b+a\/3(c 1+\//1V pV_1_|_’3v Ay = 1+5,
c) pure scattering in continuum:{¢= 0

1 a
C_I_ Lv Lv —+_ BAV
5 F+¢by_ B H rv=1+ﬁv bV

1+ 06, 1+ 6, 1"‘\//1_1/

1
If the line opacity is also pure scattering, {*=0,then 1, =0 7, = 15 <1
%
I 3ai always in
But for {*= 1 and for strong lines 8, > 1 i > | absorption

For a weak temperature gradient with
small b/a, can exceed unity, implying a net
line emission instead of absorption.



Line profiles for Schuster model

202

Bo=10 4

150

Scattering makes the continuum source function low near the surface, 5,(0) - /.(0)<<5(0),
which implies a weak continuum flux. The line can potentially be brighter, but only if the
decline from the negative temperature gradient term is not too steep.



» We obtained Transfer Equation including lines and
taking into account Scattering in lines.

» We solved it using the Milne-Eddington model.
e We then obtained Residual flux of the line.

» Finally, we discussed interesting special cases such
as pure absorption and pure scattering lines.

e We also tried to explain emission lines applying
Schuster mechanism for line emission.
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