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The topics which will be 
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W H A T  I S  A  S T E L L A R  A T M O S P H E R E ?

W H Y  S H O U L D  W E  C A R E  A B O U T  I T ?

W H A T  C A N  W E  L E A R N  F R O M  O B S E R V A T I O N S ?

Stellar atmospheres
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What is a stellar 
photo sphere?

Å Thin, tenuous transition zone between 
(invisible) stellar interior and (essentially 
vacuum) exterior.

ÅThe ñphotosphereò is the visible disc, whilst 
the ñatmosphereò also includes coronae and 
winds.

Å In contrast with the interior, where 
convection may dominate, the energy 
transport mechanism of the atmosphere is 
radiation .

Å Stellar atmospheres are primarily 
characterized by two parameters: (Teff, log g).
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What is a stellar 
photosphere?

Thin zone between stellar interior and exterior: 
DRsun=a few³107 cm, Matm~2³1021 g=~10-12 M

8
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Stellar atmospheres: why should we 
care?

The optical depth t=1

about 2/3 of the light 
is absorbed

6



Stellar atmospheres?
7

· Stellar interiors are effectively invisible to external observers (apart for e.g. 
astroseismology) so all  the information we receive from stars originates from 
their atmospheres. In particular, s pectral lines also originate in a stellar 
atmosphere. Understanding how radiation interacts with matter affecting the 
emergent line and continuous spectrum is at the heart of this course.

· Knowledge of plasma physics  (e.g. line broadening), atomic physics 
(microscopic interaction between light and matter), radiative transfer 
(macroscopic interaction between light and matter), thermodynamics  (LTE 
vs non-LTE), hydrodynamics  (velocity fields) yields stellar properties, 
chemical composition, outflow properties.

· Inputs for stellar/galactic evolution and structure.



Recap: what can we learn from observations?
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What can we learn from observations?
9

Please re -read Lecture 1 .

Also, before the next class, 

re -study Lectures 4 ï 6 (slides 124 ï 172)
VERY  carefully. 

We will be based on that material a lot.



What can we learn from observations?
10

Temperature



What can we learn from observations?
11

Surface gravity  and stellar abundances  also come  from  spectra:



Spectral Lines

Impact of Spectral Resolution
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Primary star parameters ( Teff , log g)

· Primary star parameters are effective temperature Teff and surface 
gravity log g, + chemical composition (metallicity):

¹ Effective temperature (in K) is defined by L=4pR2sTeff
4 

(here L - luminosity, R - stellar radius),  related to ionization .

¹ Surface gravity (cm/s 2), g = GM/ R2, related to pressure.

· The Sun has Teff=5777K, log g=4.44 ï its atmosphere is only a few 
hundred km deep, <0.1% of the stellar radius.

· A red giant has log g~1 (extended atmosphere), whilst a white dwarf 
has log g~8 (effectively zero atmosphere), and neutron stars have 
log g~14-15
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Morgan-Keenan (M-K) classification scheme 
ÏÒÄÅÒÓ ÓÔÁÒÓ ÖÉÁ Ȱ/"!&'+-ȱ ÓÐÅÃÔÒÁÌ 
classes using ratios of line strength. 

Only Bad Astronomers Forget Generally 
Known Mnemonics

Oh, Be A Fine Girl/ Guy, Kiss Me

O-types have the bluest B-V & highest Teffȭs. 
OBA stars are early-type star, whilst cooler 
stars are late-type.

Spectral classes are each subdivided into (up 
to) ten divisions ɀ e.g. O2 .. O9, B0, B1 .. B9, 
A0, A1 .. etc

Spectral Types

14
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Luminosity Class classification

· Luminosity class information is often added, based upon spectral line 
widths:                                                               

· Dwarfs have high pressures (large line widths) and supergiants have 
lower pressures (smaller line widths).

15



Luminosity Classes and Luminosity

·Line pairs for spectral classification: 
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Continuous Energy Distribution
17

Stars share some properties of black-bodies



Stefan ï Boltzmann Law

Blackbody radiation is continuous and isotropic whose intensity 
varies only with wavelength and temperature.

Following empirical (Josef Stefan in 1879) and theoretical 
(Ludwig Boltzmann in 1884) studies of black bodies, there is a 
well-known relation between Flux and Temperature known as 
Stefan-Boltzmann law: 

F=sT 4

with s=5.6705x10-5 erg/cm2/s/K 4 

(Note that Bohm-Vitense ÒÅÆÅÒÓ ÔÏ ȰÁÓÔÒÏÎÏÍÉÃÁÌ ÆÌÕØȱȟ ( &Ⱦpȟ ÁÓ ȰÆÌÕØȱ Ȣ

7Å ×ÉÌÌ ÒÅÔÕÒÎ ÔÏ ȰÄÉÆÆÅÒÅÎÔȱ ÔÙÐÅÓ ÏÆ ÆÌÕØÅÓ ÌÁÔÅÒȢ
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Flux
19



Magnitude scale

· In practice, we often (historically ) measure flux densities F (erg cm-2 s-1) 
from astronomical objects via a logarithmic magnitude scale (like the 
eye and most other human senses).

·See the course ñObservational Astronomyò (765640S) for more detail 
(lecture 10), here we discuss it shortly.

·mv ï m0 = -2.5 log(Fv/F 0)

In the Vega system, the star Vega (A0V) defines the photometric 
ñzero pointò m0   at all wavelengths (U=B=V=R=I=0.0 mag etc).

20

https://vitaly.neustroev.net/teaching/2025b/Observational_Astronomy_10.pdf


Standard broad -band filters
21

Fn ï a star SED
W(n) ï a filter passband

I t is convenient to measure flux 
densities or magnitudes within 
some certain frequency or 
wavelength range. The total energy 
measured is then the integral of the 
source flux times some frequency 
dependent effective filter response. 
This last quantity includes all the 
factors that modify the energy 
arriving at the top of the Earthôs 
atmosphere. 



Colour index

·We can define a colour index as the difference between filters 
relative to Vega e.g.   B ɀ V = mB ɀ mV,   such that stars bluer 
than A0 have a negative B-V colour and stars redder than 
Vega have a positive colour e.g. (B-V)Sun=+0.65 mag.

22

e.g., for Teff<10000K:



More on magnitudes

·We define the absolute (visual) magnitude (MV) as the apparent (visual) 
magnitude of a star of mV lying at a distance of d=10pc: MV=m V (10 pc). 

· Because F  ́d-2

MV-mV= -2.5 log[F (10pc)/F( d )] = -5log(d / 10 pc)=5 - 5 log(d / pc)

· For the Sun (d=4.85³10-6 pc), mV= -26.75 and MV=+4.82 mag. 
4ÈÅ Ȱdistance modulusȱ  Mv-mv=31.57 mag

· Because interstellar medium is not completely transparent, we write 
MV ɀ mV= 5 ɀ 5 log(d/pc) ɀ AV.

· The AV term is due to interstellar extinction. 
Visually, AV~ 3.1 E(B-V) for most sight lines.
E(B-V)=B-V ɀ (B-V)o, i.e. the difference between the observed and 
intrinsic B-V colour.

23



Interstellar Extinction
24

Extinction is MUCH higher at shorter wavelengths, so IR observations of 
e.g. Milky Way disk probe much further. The extinction to the Galactic 
Centre (d=8kpc) is approx  AV=30 mag (5500A) versus AK=3 mag (2mm).

A1200A=10xE(B-V)

AV=3.1xE(B-V)

AK=0.3xE(B-V)
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Illustration of interstellar extinction

V-band  (5500¡)

R-band (7000¡)

I -band (9000¡)

VRI-composite 
of highly reddened 
cluster Wd1 (EB-V~4)



Bolometric Flux
26

· The bolometric flux ( erg cm-2 s-1) from a star received at the top of the 
Earthôs atmosphere is the integral of the spectral flux (measured at a 
frequency n or a wavelength l) over all frequencies or wavelengths:

· The luminosity  (erg/s) is the bolometric flux from the star integrated 
over a full sphere (at distance d):

·Since the Earthôs atmosphere is opaque to UV and some IR radiation 
one cannot always directly measure the bolometric flux. 



Bolometric Corrections
27

One can calculate bolometric corrections (BC), primarily from 
atmospheric models to correct measured fluxes (usually in the 
V band) for the total (bolometric) flux. Usually expressed in 
magnitudes:

BC= Mbol ɀMV     with    Mbol=4.74 ɀ 2.5 log(L/ L
8

)   

BC=-0.08 mag for the Sun is a small correction since it emits 
most radiation in the visual. Hot OB stars have very negative 
"#ȭÓȟ ÓÉÎÃÅ ÍÏÓÔ ÏÆ ÔÈÅ ÅÎÅÒÇÙ ÉÓ ÅÍÉÔÔÅÄ ÉÎ ÔÈÅ 56ȟ ÁÓ ÁÒÅ ÃÏÏÌ - 
stars with most energy emitted in the IR.



BC calibrations
28

Bolometric corrections can be 
estimated from intrinsic colours ( B-V)o 
as shown here for dwarfs:

Or from the Spectral Type, using 
a Teff  ï Spectral Type calibration.

See the next slide...



From Allenôs Astrophysical Quantities (4th edition)

Properties of Main -Sequence Stars
29



Solve a problem
30

A B0V star in the LMC (distance 50kpc) has 
V=13.0 mag, B-V=-0.20 mag. 

What is its bolometric luminosity, relative to the Sun?



Properties of the Planck law

·For increasing temperatures, 
the black body intensity 
increases for all wavelengths. 
The maximum in the energy 
distribution shifts to shorter 
l (longer n) for higher 
temperatures.

·lmax T  = 2.98978 x107 B K 

is 7ÉÅÎȭÓ ÄÉÓÐÌÁÃÅÍÅÎÔ ÌÁ× 
for the maximum Il providing 
an estimate of the peak 
emission (lmax =5175  B for 
the Sun).
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Rayleigh -Jeans and Wien approximations

32



Color  and brightness temperatures
33



Are stars black bodies?
34

Not really

(e.g. UV -optical spectrophotometry of Vega)



Stars do differ from black bodies

The observed flux 
distributions of real stars 
deviate from black body 
curves, as indicated here 
for the UBV colors of 
dwarfs and supergiants. 
This difference is due to 
sources of continuous 
and line opacity in the 
stellar photospheres and 
will be discussed later in 
this course.
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Stars do differ from black bodies
36

Vega



Radiative transfer III

R A D I A T I V E  T R A N S F E R  E Q U A T I O N  I N

P L A N E - P A R A L L E L  A T M O S P H E R E .

L I M B  D A R K E N I N G .

37



Solar limb darkening



From lecture 6 (slide I-167):

The plane-parallel transfer equation 
(for stars with thin photospheres) 

The cos(q) term is because the optical depth is 
measured along the radial direction x and not 
along the line of sight, i.e    dtl=-kl r dx  

We are looking from the outside in, along direction x

39

ἫἷἻⱣ
▀╘ⱦⱣ

▀Ⱳⱦ
╘ⱦⱣ ╢ⱦ

Transfer Equation for Stars
39



Surface Intensity
40

· To derive the intensity at the surface , we can multiply the plane-parallel 
transfer equation by an integrating factor e-t/cos q=e-u,

· This can be written as 

· Integrating du from 0 to infinity

ὨὍ—

Ὠό
Ὡ Ὅ— Ὡ ὛὩ

ὨὍ—Ὡ

Ὠό
ὛὩ

Ὅπȟ— Ὓ † Ὡ Ὠό

Ὅ—Ὡ Ὓ † Ὡ Ὠό

t = u cos q



Limb darkening
41

Let us assume a linear source function:

We then derive: 

Recall u=t/ cos(q ), so t = u cos(q ) and 

Using the standard integral

we obtain

Thus, in the linear approximation for the Source function, the optical depth lies 
between 0 and 1. From the centre of the star we see radiation leaving the star 
perpendicular to the surface: Il(0,0 )̄=al+bl, whilst at the limb the starlight leaves 
the surface at an angle Il(0,90 )̄=al. 

Limb darkening (less light from the limb versus the centre, if bl>0).

Ὓ † ὥ ὦ†

όὩ Ὠό ὲȦ

Ὅπȟ— ὥ ὦὧέί— Ὓ † ὧέί—

Ὅπȟ— Ὓ † Ὡ Ὠό ὥὩ Ὠό ὦ†Ὡ Ὠό

Ὅπȟ— ὥ Ὡ Ὠό ὦÃÏÓ— όὩ Ὠό



· This optical image of the Sun 
clearly shows limb darkening. 
We see into the atmosphere 
down to a depth of t =1. 

· Limb darkening exists because 
the continuum source function 
decreases outward:
Ὓ † ὥ ὦ†, 
both al and bl>0.

· As we look towards the limb, we 
see higher photospheric layers, 
which are less bright. 

42

Solar limb darkening
42



Schematic of limb darkening
43

Schematic illustration of limb darkening ɀ penetration of different lines of sight 
ɉÔÈÉÃË ÌÉÎÅÓɊ ÔÏ ȰÕÎÉÔ ÏÐÔÉÃÁÌ ÄÅÐÔÈȱ ɉÄÁÓÈÅÄ ÌÉÎÅÓɊ ÃÏÒÒÅÓÐÏÎÄÓ ÔÏ ÄÉÆÆÅÒÅÎÔ 
depths in the photosphere, depending on q. Radiation seen at q2 is characteristic 
of higher (cooler) layers than the radiation seen at position q1



Linear vs Quadratic source function
44

Up to now we assumed a linear source function. More generally, if:

Then

We still get Sl(0) at the limb, but a more complicated result at the centre. 
For example, a quadratic term requires the solution of 

At q = 90 ,̄ tl=0, whilst at q =0 ,̄ tl~1+2a1l/a 2l providing a2l<< a1l. 

The ratio of the limb-to-centre intensity is 

     

Ὓ † ὥ †

Ὅπȟ— ὃ ÃÏÓ— ὃ ὥ όὩ Ὠό ὥ ὲ

Ὓ† ὥ ὥ † ὥ †

Ὅπȟ— ὥ ὥ ÃÏÓ— ςὥ ÃÏÓ—

╘ⱦ ȟ Ⱦ̄╘ⱦ ȟ¯ ╪ ⱦȾ╪ ⱦ ╪ ⱦ ╪ ⱦ



Ὅπȟ—ȾὍπȟπ ὥ ὥ ÃÏÓ— ςὥ ÃÏÓ—

The measured centre to limb variation of the solar intensity is

l(mm) a0 a1 2a2

0.3 0.06 0.74 0.20

0.4 0.14 0.91 -0.05

0.6 0.35 0.88 -0.23

0.8 0.49 0.73 -0.22

1.5 0.56 0.64 -0.20

2.0 0.70 0.48 -0.18

45

Example for Solar Case:
45

(Table 4.17, AQ 4th edition)



Limb darkening is observed to be 
greatest at shorter  wavelengths in the 
Sun. The temperature distribution  of 
the upper atmosphere of the Sun can 
be obtained from limb darkening 
measurements, carried out via e.g. 
multi -filter images of the Solar 
continuum (between the lines). 

Until recently, the Sun was the only 
star for which limb darkening was 
observed, since one needs to spatially  
resolve the disc (most other stars 
appear as point sources!) to measure 
limb darkening. 

Other methods are now possible.

(Pierce & Waddell 1961).

Centre Limb

46

Wavelength dependence



1. Direct interferometryȟ ÖÉÁ ÈÉÇÈ ÓÐÁÔÉÁÌ ÒÅÓÏÌÕÔÉÏÎ ȰÉÍÁÇÉÎÇȱ ɀ e.g. 
ESO/VLT interferometry or COAST array, providing a star is very large 
and nearby (a cool supergiant).

2. The light curve due to the gravitational micro-lensing of a background 
(generally Galactic bulge or Magellanic Cloud) star by a foreground 
source (e.g. PLANET team).

3. The light curve from an eclipsing binary system during secondary 
eclipse allows us to study limb darkening of the primary, although non-
trivial! Similar approach followed by extra solar planets occulting 
parent star (e.g. HD209458).

47

Limb darkening for other stars



COAST (Cambridge Optical Aperture Synthesis Telescope) spatial resolution 
of 20-30 milli -arcsec) has made limb darkening observations of 
M supergiant Betelgeuse at different wavelengths (using filters).

7000A 9050A 12900A

0.1 arcsec

48

Limb darkening from interferometry



ESO's Very Large Telescope 
Interferometer (VLTI) is possible 
to achieve a resolution of 0.001 
arcsec or even less. It has resolved 
the disc of the cepheid L Carinae.

49

Limb darkening from interferometry



·Galactic gravitational micro-
lensing occurs when a foreground 
object (lens) passes in front of a 
background star (source). The 
gravitational deflection of light by 
the lens causes the flux from the 
source to be amplified. 

·Microlensing surveys (e.g. 
PLANET, MACHO) have identified 
hundreds of such events towards 
the Galactic bulge and Magellanic 
Clouds.

·One such event, MACHO 97-BLG-
28 was studied to reveal limb 
darkening information for the 
background K giant (Albrow et al. 
1999).

50

Limb darkening from microlensing
50

Thick lines show how much fainter the 
K giant becomes at its edges in the red 
I (left) and blue-green V filter (right). 
If the star emitted a uniform amount 
of light across its whole stellar disk, 
the profile would look like the straight 
solid black line instead



· HD209458 is the first system in 
which extra-solar planet (P=3.5d, 
0.6MJ) has been observed to 
transit its (F8V) primary, allowing 
determination of limb darkening 
(Brown et al. 2001).

·More generally eclipsing binaries 
are problematic due to degeneracy 
with other parameters (Grygar et 
al. 1972). Accurate light curves 
needed for linear limb darkening 
parameters.

51

Limb darkening from eclipsing systems
51



· Stars appear darker at their limbs than at 
their disk centers because at the limb we are 
viewing the higher and cooler layers of stellar 
photospheres. 

· Limb darkening derived from state-of-the-art 
stellar atmosphere models systematically fails  
to reproduce recent transiting exoplanet light 
curves from the Kepler, TESS, and JWST 
telescopes ɀ stellar brightness obtained from 
measurements drops less steeply towards the 
limb than predicted by models.

· Possible explanation: magnetic fields on the 
stellar surface are not taken into account:

Kostogryz et al. (2024, NatAst): 
stellar atmosphere models computed with the 
use of a 3D radiative magneto-hydrodynamic 
code show that small-scale concentration of 
magnetic fields on the stellar surface affect 
limb darkening at a level allowing the authors 
to explain the observations.

52

Limb darkening: current state
52



F O R M A L  S O L U T I O N  T O  T H E  P L A N E - P A R A L L E L  
T R A N S F E R  E Q U A T I O N .

E D D I N G T O N - B A R B I E R  R E L A T I O N .

G R E Y  A T M O S P H E R E .

Eddington -Barbier relation
53



The plane -parallel  transfer equation 
(for stars with thin photospheres) 

The integrated form of the RTE is 
[See D. Gray (page 127-129, 131) for more detail]:

Here, the integration limit c ( which complicates the integral ), replaces  Ὅn(0) in 
the parallel-ray transfer equation (Lecture 5, slide I-149):

This is because the boundary conditions are different for radiation going in (ʃ>90Ј) and coming out (ʃ<90Ј) Ą

ἫἷἻⱣ
▀╘ⱦⱣ

▀Ⱳⱦ
╘ⱦⱣ ╢ⱦ

Formal Solution to RTE (1)
54

Ὅ† ᷿ Ὓ ὸὩ Ὠὸ +ὍὩ

Ὅ† Ὓ ὸὩ ÓÅÃ—Ὠὸ



· The full intensity at the position tl  on the line of sight through the photosphere is

· An important special case occurs at the stellar surface. In this case

where we assumed that the external radiation is completely negligible compared to the 
ÓÔÁÒȭÓ Ï×Î ÒÁÄÉÁÔÉÏÎȢ This Equation is the expression we need to compute the spectrum .

· However, since the discs of most stars are spatially unresolved, we must deal with 
flux rather than intensity, so we will not deal with this equation any further.

Formal Solution to RTE (2)
55

t=0 outer 
boundary

t=tmax inner 
boundary

-

lI

+

lI



Emergent Flux
56

Ὂ ς“ Ὅ‘ ‘ d‘

Decomposition into two half-spaces:

Ὂ ς“ Ὅ‘‘ d‘ ς“ Ὅ‘ ‘ d‘

ς“ Ὅ‘ ‘ d‘ ς“ Ὅ ‘‘ d‘  ╕ ╕

m=cos q

Netto = Outwards ɀ Inwards.

From our lecture 6 (slide I-161), the flux is [If there is no azimuthal (f ) dependence in Il ]:



Eddington -Barbier  relation

Special case: at the surface of a star F  = 0, so that F = F +  

From earlier, assuming a linear source function               yields 

Ὅπȟ— ὥ ὦὧέί— ὥ ὦ‘

)Î ÔÈÉÓ ÃÁÓÅ ×Å ÏÂÔÁÉÎ ÔÈÅ ȱEddington-Barbierȱ relation:

Ὂ π “ὥ ϳςσὦ “Ὓ † ςȾσ

The emergent flux from the stellar surface is p times 
the Source function at an optical depth of 2/3

Ὓ † ὥ ὦ†

Ὂ π ς“ Ὅ πȟ— ‘Ὠ‘
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If we assume Local TE (LTE), then

Let us assume the opacity is independent of l, i.e. kl=k. We call such a (hypothetical) 
atmosphere a grey atmosphere . Then

The energy distribution of Fl is that of a blackbody corresponding to the temperature at 
the optical depth t =2/3 . 

The black body intensity is defined (following discovery by Max Planck in 1900) as either

                                                                               or

where c=2.99x1010 cm, h=6.57x20-27 erg s, k=1.38x10-16 erg/s. 

,ÅÔȭÓ ÃÏÍÐÕÔÅ ÔÈÅ "ÏÌÏÍÅÔÒÉÃ ÆÌÕØȢ

Grey atmosphere (1)

Ὂ π “ὄ Ὕ† ςȾσ

Ὂ π “Ὓ † ςȾσ “ὄ Ὕ† ςȾσ
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ὄ Ὕ
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Bolometric flux of Black Body

ὄ Ὕ
ςὬ’

ὧ

ρ

Ὡ Ⱦ ρ

59

Ὂ „Ὕ



If we assume Local TE (LTE), then

Let us assume the opacity is independent of l, i.e. kl=k. We call such a (hypothetical) 
atmosphere a grey atmosphere. Then

The energy distribution of Fl is that of a blackbody corresponding to the temperature at 
the optical depth t =2/3 . 

Thus, integrating over l

Ὂπ Ὂ πὨ‗ “ ὄ Ὕ† ςȾσ Ὠ‗ „Ὕ † ςȾσ

From Stefan-Boltzmann, F (0)= sTeff
4, by definition, we find Teff = T (t =2/3) . 

4ÈÅ ȰÓÕÒÆÁÃÅȱ ÏÆ Á ÓÔÁÒȟ ×ÈÉÃÈ ÈÁÓ ÔÅÍÐÅÒÁÔÕÒÅ Teff  (by definition) is not at the very top 
of the atmosphere (where t =0), but lies deeper down, at t=2/3 . 

This can be considered as an average point of origin from the observed photons.

Grey atmosphere (2)

Ὂ π “ὄ Ὕ† ςȾσ

Ὂ π “Ὓ † ςȾσ “ὄ Ὕ† ςȾσ

60



Summary

·Solution to plane-parallel transfer equation at surface 
explains limb darkening in Sun.

·Limb darkening in other stars can be estimated from 
interferometry, eclipsing binaries, microlensing.

·Eddington-Barbier relation.

·Grey atmosphere.

·!ÓÓÕÍÉÎÇ Á ÇÒÅÙ ÁÔÍÏÓÐÈÅÒÅ ȟ ×Å ÆÏÕÎÄ ÔÈÁÔ ÔÈÅ ȰÓÕÒÆÁÃÅȱ ÏÆ Á 
star, which has temperature Teff  (by definition) is not at the 
very top of the atmosphere (where t =0), but lies deeper 
down, at t = 2/3 . 

61



G R E Y  A T M O S P H E R E

T H E R M A L  ( R A D I A T I V E )  E Q U I L I B R I U M

T H E  D E P T H  D E P E N D E N C E  O F  T H E  S O U R C E  F U N C T I O N

 E D D I N G T O N  A P P R O X I M A T I O N  

T E M P E R A T U R E  S T R U C T U R E  O F  T H E  G R E Y  A T M O S P H E R E

Radiative Equilibrium



Grey atmosphere
63

ÅAbove we assumed that the opacity can be independent of l, 
i.e. kl=k. We call such a (hypothetical) grey atmosphere. 

Å In the theory of stellar atmospheres, much of the technical 
effort goes into iteration schemes using equations of radiative 
equilibrium (which we will discuss today) to find the source 
function Sl. 

ÅOften, a starting point for such iterations is the grey case.



Thermal (radiative) equilibrium

· In stellar atmospheres, radiation dominates transfer of energy, so we can discuss 
(three) conditions of radiative equilibrium, which can be used to derive the 
temperature structure in the photosphere. 

· The radiation we see from the Sun comes from a layer of geometrical height of a 
few hundred km.

· In a column of 100 km height and 1 cm2 cross-section there are 1024 particles 
(since n ~1017/cm 3 in Sun), each of which has a thermal energy of 3kT/2  
(10-12 erg). The total thermal energy of this column is therefore 1012 erg/cm2. 
The observed radiative energy loss (per cm2) of the solar surface is 
F
8

=6.3x1010 erg cm-2 s-1. 

· If the Sun shines at a constant rate, the energy content of the solar photosphere 
can only last for 15 seconds without being replenished from below. 

· Exactly the same amount of energy must be supplied or else the photosphere 
would quickly change temperature. 

64



First equation of radiative equilibrium

· Since this does not happen, dF/ dt =0 or dF/d x =0 or dF/dt =0 , i.e. the total flux 
must be constant at all depths of the photosphere (conservation of energy) ɀ 
the 1st equation of radiative equilibrium

Ὂὼ Ὂπ ὧέὲίὸ„Ὕ

· When all the energy is carried by radiation, we have

Ὂὼ Ὂ † Ὠ‗ Ὂπ

Although the shape of Fl can be expected to change very significantly with depth, 
its integral remains invariant.

· If other sources of energy transport are significant, then a more general 
expression of flux constancy must be applied:

ɮὼ Ὂ † Ὠ‗ Ὂπ

F(x) is, for example, the convective flux
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Radiative equilibrium
66

·We may integrate the plane-parallel transfer equation over solid angle w. 

     Based on the definition of mean intensity and flux: 

· Finally, assuming Sl to be isotropic we obtain,

ρ

τ“

Ὠ

Ὠ†
Ὂ † ὐ† Ὓ †

ÃÏÓ—
ὨὍ†ȟ—

Ὠ†
Ὠ‫ Ὅ†ȟ—Ὠ‫ Ὓ † Ὠ‫

Ὠ

Ὠ†
Ὂ † τ“ὐ† Ὓ † Ὠ‫

ὐ
ρ

τ“
ὍὨÁÎÄ Ὂ ‫ ὍÃÏÓ—Ὠ‫



Second equation of radiative equilibrium

67

· In the grey case, for which the opacity k  is independent of wavelength

ρ

τ“

Ὠ

Ὠ†
Ὂ† Ὓ† ὐ† π

     Since dF/dt =0,     the Source function must be equal the mean intensity J.
· If the atmosphere is not grey, which is the situation for most starsȟ ÌÅÔȭÓ ÉÎÃÏÒÐÏÒÁÔÅ ÔÈÅ 

opacity k into the RHS, and integrating over wavelength

ρ

τ“”

Ὠ

Ὠί
Ὂ† Ὠ‗ ‖Ὓ ‖ὐὨ‗ π

Since dF/ds =0, we get the radiative balance equation (energy conservation)

‖ὛὨ‗ ‖ὐὨ‗

· This is the second equation of radiative equilibrium and can be understood as the total energy 
absorbed (RHS) must equal the total energy re-emitted (LHS) if no heating or cooling is 
taking place.

† ‖”Ὠί



Third equation of radiative equilibrium
68

The third radiative equilibrium condition is obtained by multiplying the transfer 
equation by cosq  and integrating over solid angle and then wavelength

ÃÏÓ—
ὨὍ†ȟ—

Ὠ†
Ὠ‫ ÃÏÓ—Ὅ†ȟ—Ὠ‫ ÃÏÓ—Ὓ †ȟ—Ὠ‫

ÃÏÓ—
ὨὍ—

Ὠ†
Ὅ— Ὓ

ὑ †
ρ

τ“
ὍÃÏÓ—Ὠ‫ Ὂ ὍÃÏÓ—Ὠ‫ 0 (Sl is isotropic)

τ“
Ὠὑ

Ὠ†
Ὠ‗ ὊὨ‗ Ὂ†

Ὠὑ

Ὠ†
Ὠ‗

Ὂ†

τ“The third radiative equilibrium condition: 



Equations of radiative equilibrium
69

· All the three radiative equilibrium conditions are not independent. 
Sl that is a solution of one will be the solution of all three.

· The flux constant F (0)  is often expressed in terms of an effective 
temperature Ὂπ „Ὕ Ȣ

·When model photospheres are constructed using flux constancy as a 
condition to be fulfilled by the model, the effective temperature becomes 
one of the fundamental parameters characterizing the model.

· In real stars, energy is created or lost from the radiation field through e.g. 
convection, magnetic fields, 
plus in supernovae atmospheres energy conservation is not valid 
(radioactive decay of Ni to Fe), 
so the energy constraints are more complicated in reality.



Recap: Equations of radiative equilibrium

70

· The 1st equation of radiative equilibrium:

Ὂὼ Ὂπ ὧέὲίὸ„Ὕ
      i.e. the total flux must be constant at all depths of the photosphere (conservation of energy):
                                                           dF/d t =0 or dF/d x =0 or dF/dt =0

· The 2nd  equation of radiative equilibrium: 
the total energy absorbed (RHS) must equal the total energy re-emitted (LHS) if no heating or cooling is 
taking place:

‖ὛὨ‗ ‖ὐὨ‗

· The 3rd radiative equilibrium condition:

Ὠὑ

Ὠ†
Ὠ‗

Ὂ†

τ“

· All the three radiative equilibrium conditions are not independent. 
Sl that is a solution of one will be the solution of all three.



The depth dependence of the source function 
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· In a grey   atmosphere, with ὑ† ᷿ ὑὨ‗,  the 3rd equation implies:

· We can differentiate this, and insert our earlier result:

· Integration of the equation with respect to t gives    K(t)=c1t+c2 

                                                                                            where dK/dt = c1 = F/4p

· For a given F, we now have two equations, [1]  and [2] , to determine the three 
unknowns: J, S and K (or c2). We need an additional relation between two of these 
variables in order to determine all three. 

Ὠὑ†

Ὠ†

Ὂ†

τ“

Ὠὑ†

Ὠ†

ρ

τ“

ὨὊ†

Ὠ†
ὐ† Ὓ† π

a new unknown function K(t)

[1]

[2]



Eddington approximation (1)
72

· Previously we have seen that for the determination of the flux the anisotropy in 
the radiation field is very important because in the flux integral the inward-going 
intensities are subtracted from the outward-going ones, due to the factor  cosq.

· But for K, a small anisotropy is unimportant because the intensities are multiplied 
by the factor cos2q , which does not  change sign for inward and outward radiation. 

· To evaluate K or c2, we can approximate the radiation field by an isotropic 
radiation field of the mean intensity J: I = J (by definition). From the definition of 
Kl we obtain

τ“ὑ Ὅ†ȟ—ÃÏÓ—Ὠ‫ ὐ† ÃÏÓ—Ὠ‫
τ“

σ
ὐ†

      or after division by 4p,

This approximation for the K-function is known as 
the Eddington approximation .

ὑ †
ρ

σ
ὐ†

dw = sinȅdȅdű



Eddington approximation (2)
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· Inserting the Eddington approximation into the above equation
we find

· Since the mean intensity J equals the source function S in a grey atmosphere, 
integrating the latter result we obtain

· From the conditions of radiative equilibrium, we finally obtained the law for the 
depth dependence of the source function  (for a grey atmosphere assuming 
the Eddington  approximation ). We can evaluate C using boundary condition for 
the known emerging flux (there is no flux going into the star), plus we assume the 
outward intensity does not depend upon q :

Ὠὑ†

Ὠ†

Ὂ†

τ“

Ὠὑ†

Ὠ†

ρ

σ

Ὠὐ†

Ὠ†

Ὂ†

τ“
ὧ

Ὠὐ†

Ὠ†

σ

τ“
Ὂ†

Ὓ†
σ

τ“
†Ὂπ ὅ ὐ†

Ὂὼ Ὂπ ὧέὲίὸ



Eddington approximation (3)
74

· Boundary condition: there is no flux going into the star, 
i.e. I (0,q) = Iɀ = 0 for p/2 < q < p 

· We also assume that the outward intensity does not depend upon q, 
i.e. I (0,q)= I+ = const  for  0 < q < p/2

· It gives 

· Hence C=J(0)= F(0)/2 p so:

·  To find the depth dependence of T, we also need to assume LTE.

ὐπ
ρ

ς
Ὅ

ρ

ς“
Ὂπ

Ὓ†
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In LTE, the source function is the Planck function, S (t)=B (t)=sT 4/p

Recall that F(0)=sT 4eff, by definition, so

                                                                 or

We derived the temperature dependence on optical depth . 
Note T (t =2/3) = Teff as we obtained earlier, and T4(t=0)=Teff

4 / 2

A complete solution of the grey  case, using accurate boundary conditions, without 
Eddington approximation, leads to a solution only slightly different from this, usually 
expressed as 

Here q(t) is a slowly varying function (Hopf function), with
                                                                            ή ϳρ σ πȢυχχ at t =0 to q=0.710 at t = ¤. 

Temperature structure of the grey 
atmosphere
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Comparison between T(t ) in 
the Solar atmosphere using the 
simplifying Eddington 
assumption (solid) versus the 
exact grey case (dashed) using 
the Hopf function, q(t ):

Grey Temperature Structure

ή† πȢχρππȢρσσὩ
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· How good an approximate is the 
grey atmosphere? Next we must 
look at the frequency dependence 
of the sources of opacity.

· The grey temperature distribution 
is shown here versus the 
observed Solar temperature 
distribution as a function of 
optical depth t at υπππB $Ȣ Gray, 
Table 9.2)

· The poor match is because the 
opacity is wavelength dependent, 
as we shall see next lecture.

How realistic is this?
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Summary

·Three equations of radiative equilibrium can be derived: 
(a) constant flux with depth; 
(b) energy absorbed equals energy emitted; 
(c) the K-integral is linear in t.

·From these, the grey  temperature distribution T(t) may be 
derived, assuming: 
(a) the Eddington approximation and 
(b) LTE, in reasonable agreement with the exact case.

·On the next lecture, we will discuss LTE in more detail.
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M A X W E L L I A N  V E L O C I T Y  D I S T R I B U T I O N

B O L T Z M A N N  E Q U A T I O N

S A H A  E Q U A T I O N

Local Thermodynamic Equilibrium 
(LTE)



Thermodynamic Equilibrium (TE)
80

· Interaction of radiation and matter is the most important 
physical process in stellar atmospheres.

·To find ╘ⱦwe need to know ‌and el (or kl  and jl) ï absorption 
and emission coefficients.

·To find ‌and el, density ȍ, temperature T, and chemical 
composition X are not  enough. We need to know 
distributions of atoms over levels and ionization states, 
which depend on radiation ╘ⱦ.

· In TE, ȍ, T, and X fully determine ‌and el.



Local Thermodynamic Equilibrium
81

In Thermodynamic Equilibrium :

1. All particles have Maxwellian distribution in velocities 
(with the same temperature T ).

2. Atom populations follow Boltzmann law ( same T ).

3. Ionization is described by Saha formula ( same T ).

4. Radiation intensity is given by the Planck function ( same T ).

5. The principle of detailed equilibrium is valid (the number of direct 
processes = number of inverse processes).

In Local thermodynamic equilibrium (LTE) , 
1-3 are applied locally .

The radiation spectrum can in principle be very far from 
Planck function.



LTE
82

In the study of stellar atmospheres, the assumption of 
Local Thermodynamic Equilibrium (LTE) is described by:

1. Electron and ion velocity distributions are Maxwellian.

2. Excitation equilibrium is given by Boltzmann equation 
(introduced today).

3. Ionization equilibrium is given by Saha equation 
(introduced today). 

4. The source function is given by the Planck function

Ὓ Ὅ ὄ Ὕ     i.e. +ÉÒÃÈÏÆÆȭÓ law    Ὦ ‖ὄ Ὕ



Is LTE a valid assumption?
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·For LTE to be valid, the photon and particle mean free paths 
need to be much smaller than the length scale over which these 
temperature changes significantly. 

·Radiation cannot play a role in defining atom populations and 
ionization state. Collisions should dominate. 

·Generally, when collisional  processes dominate over radiative 
processes in the excitation and ionization of atoms, the state of 
the gas is close to LTE. 

·Consequently, LTE is a good assumption in stellar interiors, 
but may break down in the atmosphere . If LTE is no longer 
valid, all processes need to be calculated in detail via non-LTE. 
This is much more complicated, but needs to be considered in 
some cases (see later in course).



Mean Free Path
84

· In the Sun, the characteristic 
distance over which the 
temperature varies (the 
temperature scale height) 
is ~500km. 

· How does this scale 
compare with the average 
distance travelled by an 
atom before hitting 
another atom?  

· Two hydrogen atoms will 
collide if their centres pass 
within a radius of 2 Bohr 
radii (2ao) of each other. The 
collision cross-section of the 
H atom is 
s =p(2ao)=3.5x10-16 cm2. 

· The mean free path between 
collisions is ʇ=1/(s n(H)) .



Mean free path in the solar photosphere
85

· The density of the Solar 
photosphere is r = 2.5x10-7 
g/cm3 so the number of H 
atoms/cm3 is 
n(H)=r/ mH=1.5x1017 cm3 
where mH is the mass of the 
H atom. 

· Then the mean free path 
between collisions is 
=˂1/(sn(H))=0.02 cm. i.e. 

atoms are confined within a 
limited volume of space in 
the photosphere at 
effectively fixed temperature 
(relative to the temperature 
scale height).

In the upper layers, r ­ 0, ˂  ¬, radiation dominates over collisions Ą out of LTE



Mean Free Path in the Sun

Since the photosphere is the layer visible from 
Earth, photons must be able to escape freely into 
space. After ~1021 scatterings and re-emissions 
(thousands years!) from the centre. 
Calculate the time needed for a photon to escape!



The Random Walk 
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· As the photons diffuse upward 
through the stellar material, they 
follow a haphazard path called a 
random walk. Figure shows a 
photon that undergoes a net vector 
displacement d as the result of 
making a large number N of 
randomly  directed steps, each of 
length l (= ,˂ the mean free path). 

· It can be shown that for a random 
walk, the displacement d is related 
to the size of each step, l, by

Ὠ ὰὔ.
· This implies that the distance from 

the centre of a star to the surface is
D= l ³ N

· This is why the transport of energy 
through a star by radiation may be 
extremely inefficient . 


