
The degree of ionization of any atom or ion can be obtained from the Saha equation, which can 
be derived from the Boltzmann formula if we extend it to states with positive energies, i.e., 
to free electrons with the appropriate statistical weights 
(the upper state is now an ion plus free electron, with energy ion+1/2mev2).

The statistical weight of the ion in the ground state plus electron is the product of the statistical 
weight of the ion g1

+ and the statistical weight of the electron ge:       gion+e = g1
+ ge

The degree of ionization of an atom 
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The statistical weight of the ion in the ground state plus electron is the product of the 
statistical weight of the ion g1

+ and the statistical weight of the electron ge: 

gion+e = g1
+ ge

The (differential) statistical weight of the electron, ge, i.e. the number of available 
states in interval (v,v+dv) is (from quantum mechanics)

𝑔𝑒 =
1

𝑁𝑒

8𝜋𝑚𝑒
3𝑣2𝑑𝑣

ℎ3

The 1/Ne factor comes from the space volume element. It is the volume per electron.

Inserting this into Boltzmann’s equation, we arrive at the Saha equation:

𝑁1
+

𝑁1
=

2𝑔1
+

𝑁𝑒𝑔1

(2𝜋𝑚𝑒𝑘𝑇)3/2

ℎ3 𝑒−𝜒𝑖𝑜𝑛/𝑘𝑇

This relates the ground state populations of the atom and ion. 

The Saha Equation
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The Saha equation (Meghnad Saha 1920):

𝑁1
+

𝑁1
=

2𝑔1
+

𝑁𝑒𝑔1

(2𝜋𝑚𝑒𝑘𝑇)3/2

ℎ3
𝑒−𝜒𝑖𝑜𝑛/𝑘𝑇

This relates the ground state populations of the atom and ion. 

To derive the ratio of the total number of ions (N+) to the total number of 
atoms (N0) we can use the conventional Boltzmann formula for each level n 
of the atom and ion, Nn/N1 and Nn

+/N1
+ i.e..

𝑁𝑛

𝑁1
=

𝑔𝑛

𝑔1
𝑒−𝜒𝑛/𝑘𝑇  

𝑁𝑛
+

𝑁1
+ =

𝑔𝑛
+

𝑔1
+ 𝑒−𝜒𝑛

+/𝑘𝑇

The Saha Equation
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Partition function (1)
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If N0 is the sum of all neutral particles in their different quantum states:.

We find:

where we have introduced u0 , the partition function of the atom. 
This is the weighted sum of the number of ways it can arrange its electrons with 
the same energy, and can be used to calculate the probability that at the given 
temperature, the atom is on the given energy level.

Similarly for the ion, 

 𝑢+(𝑇) = 𝑔1
+ + ෍

𝑛=2

∞

𝑔𝑛
+ 𝑒−𝜒𝑛

+/𝑘𝑇

For H+, u+=1, since no electrons left. 

𝑁0 =
𝑁1

0

𝑔1
(𝑔1 + ෍

𝑛=2

∞

𝑔𝑛 𝑒−𝜒𝑛/𝑘𝑇) =
𝑁1

0

𝑔1
𝑢0(𝑇)

𝑁0 = 𝑁1
0 + ෍

𝑛=2

∞

𝑁𝑛
0 = 𝑁1

0 +
𝑁1

0

𝑔1
෍

𝑛=2

∞

𝑔𝑛 𝑒−𝜒𝑛/𝑘𝑇

𝑁+ = 𝑁1
0 +

𝑁1
+

𝑔1
+ 𝑢+(𝑇)



Partition function (2)
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If we multiply N1
+/N1

0 from earlier by N+/N1
+ and N1

0/N0 we again obtain 
the Saha equation:

𝑁+𝑁𝑒

𝑁0
=

2𝑢+

𝑢0

(2𝜋𝑚𝑒𝑘𝑇)3/2

ℎ3
𝑒−𝜒𝑖𝑜𝑛/𝑘𝑇 = 4.83 × 1015

𝑢+

𝑢0
𝑇3/2𝑒−𝜒𝑖𝑜𝑛/𝑘𝑇

In logarithmic form Saha equation can be written as:

log
𝑁+

𝑁0
= log

𝑢+

𝑢0
+ log 2 +

5

2
log 𝑇 − 𝜒𝑖𝑜𝑛Θ − log 𝑃𝑒 − 0.48

where ion is measured in eV, =5040/T and the electron pressure Pe  is related 
to the electron density via the ideal gas law (Pe=NekT). In stellar atmospheres, 
Pe lies in the range 1 dyn/cm2 (cool stars) to 1000 dyn/cm2 (hot stars). 

High temperature favours ionization, high pressure favours recombination. 

Note that 1dyn/cm2=0.1N/m2 (SI units), so for SI calculations the final constant is -1.48 instead of -0.48



Partition functions (Gray App D2)
101

 = 5040/T



log 𝑢 (𝑇) = 𝑐0 + 𝑐1 log Θ + 𝑐2 log2 Θ + 𝑐3 log3 Θ + 𝑐4 log4 Θ

Partition functions (Gray, old edition)

 = 5040/T
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Ionization Potentials
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We can use the Saha equation to study the degree of ionization of H in general in 
stellar photospheres. The fraction of ionized hydrogen to the total is defined below. 
We find that H switches from mostly neutral below 7000K to mostly ionized above 
11000K for typical Ne.  This allows us to understand why hydrogen lines are 
strongest in A-type stars, with temperatures of 7500-10000K.

Degree of ionization of H in stars
104

𝐻+

𝐻
=

𝐻+

𝐻0 + 𝐻+
=

Τ𝐻+ 𝐻0

1 + Τ𝐻+ 𝐻0

𝑁+𝑁𝑒

𝑁0 = 2.4 × 1015 𝑇3/2𝑒−158000/𝑇

Using 1eV per particle, the hydrogen is
heated from 0 to 104 K. Supplying 13.6 eV
more, the temperature increases only up to
2104 K. Ionization is an extremely energy
consuming process. Ionization happens
within a very small temperature interval.



Hydrogen:

Iron:

Degree of ionization in stars
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As temperature increases, ionization 
occurs rather abruptly. In a stellar 
photosphere, elements exist mainly in 
just two ionization stages.



From recent example, a very high T  
was required to populate level n=2 of 
H relative to the ground state. We can 
now use the Boltzmann & Saha 
equations to measure H(n=2)/H(total) 
as a function of T.  For increasing T, the 
n=2 population increases due to the 
Boltzmann equation, reaching a 
maximum value around 10,000K 
(equivalent to A spectral type) and 
then reduces as H becomes mostly 
ionized. This is why A stars have 
strong Balmer lines.

Strong Balmer lines in A stars – why?
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Note: He in stellar atmospheres complicates 
this calculation since ionized He provides 
excess electrons with which H ions can 
recombine, so it takes higher temperatures 
to achieve the same degree of ionization.



Strong lines in Solar photosphere
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Ca II in the Sun
108

The photosphere of the Sun has only two calcium atoms for every million 
H atoms, yet the Ca II H and K lines (produced by the ground state of 
singly ionized calcium, Ca+) are stronger than the Balmer lines of H 
(produced by the 1st excited state of neutral H). Why?



Saha-Boltzmann applied to Ca 
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From the Saha equation we can find that H is essentially neutral in the Solar photosphere: 

Pe=200 dyn/cm2, χion=13.6 eV,  =5040/(T=5777)=0.872, the partition function u0=2, u+=1 (i.e. log u+=0)

log
𝑁+

𝑁0
= log 𝑢+ − log 𝑢0 + log 2 +

5

2
log 𝑇 − 𝜒𝑖𝑜𝑛𝛩 − log 𝑃𝑒 − 0.48 = −5.235 →  𝑁+/𝑁0 ≈ 0.0006%

yet from the Boltzmann formula log
𝑁𝑢

𝑁𝑙
= log

𝑔𝑢

𝑔𝑙
−

5040

𝑇
𝜒𝑢𝑙(𝑒𝑉):   H(n=2)/H(n=1)=5x10-9  

i.e. very little H is available to produce Balmer absorption lines. 

For Ca, ion=6.1 eV, and partition functions may be determined from tables (Slide 103) via

log 𝑢 (𝑇) = 𝑐0 + 𝑐1 log Θ + 𝑐2 log2 Θ + 𝑐3 log3 Θ + 𝑐4 log4 Θ

For =5040/T=0.872, the partition function of neutral Ca
log 𝑢0 (𝑇) = 0.075 − 0.757 log Θ + 2.58 log2 Θ + 3.53 log3 Θ − 1.65 log4 Θ

i.e. u0=1.3.  Similarly, u+=2.3. 

log
Ca+

Ca0
= log

2.3

1.3
+ log 2 + 9.40 − 5.34 − 1.18 − 0.48 = +2.95 →  Ca+/Ca0 ≈ 900

Essentially all Calcium is singly ionized.
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Essentially all Calcium is singly ionized. 

N(Ca+) in the first excited state relative to 
the ground state (g1=2, g2=4, =3.12eV) is 
1/265 from Boltzmann eqn, so nearly all 
Calcium in the Sun’s photosphere is in the 
ground state of Ca+. 

Combining these results: 

N(Ca+
g.s.)/N(Hn=2)= N(Ca+

g.s.)/N(Ca) x N(Ca)/N(H) x N(H)/N(Hn=2)=400

There are 400 times more Ca+ ions with electrons in the ground-state (which 
produce the Ca II H&K lines) than there are neutral H atoms in the first excited state 
(which produce Balmer lines). 

The Ca II lines in the Sun are so strong due to T dependence of excitation and 
ionization (not high Ca/H abundance).

Saha-Boltzmann applied to Ca 



More from Saha
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 Another observational effect that can be understood using the Saha 
equation is that supergiants and giants have lower temperatures 
than dwarfs of the same spectral type.

 Spectral classes are defined by line ratios of different ions, e.g. 
He II 4542A / He I 4471 for O stars. At higher temperatures the 
fraction of He II will increase relative to He I, so the above ratio will 
increase. 

 However, supergiants have lower surface gravities (or pressure) 
than main-sequence stars, so from Saha equation a lower Pe at the 
same temperature will give a higher ion fraction, N+/N 0

 Assuming a given spectral class corresponds to a fixed ratio N+/N 0, 
a star with a lower pressure can have a lower Teff  for the same ratio 
and spectral class



Summary
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 LTE = Maxwell + Boltzmann + Saha.

 Boltzmann equation describes degree of excitation of an atom or 
ion, e.g. N (Hn=2)/N (Hn=1).

 Saha equation describes degree of ionization of successive ions, e.g. 
N (He+)/N(He0) or N (He2+)/N (He+).

 The Partition function is the weighted sum of the number of ways 
an atom or ion can arrange its electrons with the same energy.

 Ionization is an extremely energy consuming process. Ionization 
happens within a very small temperature interval.

 Saha-Boltzmann explains the spectral type (or temperature) 
dependence of lines in stellar atmospheres, e.g. Strongest Balmer 
series at spectral type A and strong CaII lines in Solar-type stars.



Boltzmann equation & Saha Equation
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 Bolzmann equation:
𝑁𝑢

𝑁𝑙
=

𝑔𝑢

𝑔𝑙
𝑒−(𝐸𝑢−𝐸𝑙)/𝑘𝑇

log
𝑁𝑢

𝑁𝑙
= log

𝑔𝑢

𝑔𝑙
−

5040

𝑇
𝜒𝑢𝑙(𝑒𝑉)

 Saha Equation

𝑁1
+

𝑁1
=

2𝑔1
+

𝑁𝑒𝑔1

(2𝜋𝑚𝑒𝑘𝑇)3/2

ℎ3
𝑒−𝜒𝑖𝑜𝑛/𝑘𝑇

log
𝑁+

𝑁0
= log

𝑢+

𝑢0
+ log 2 +

5

2
log 𝑇 − 𝜒𝑖𝑜𝑛Θ − log 𝑃𝑒 − 0.48

=5040/T

Boltzmann constant 
k=8.6174x10-5 eV/K 
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Stellar Opacity



Opacity
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 We first introduced the concept of opacity when deriving the equation of 
radiative transport. 

 Opacity is the resistance of material to the flow of heat, which in most 
stellar interiors is determined by all the processes which scatter and absorb 
photons. 

 The removal of energy from a beam of photons as it passes through matter 
is governed by 
 line absorption (bound-bound), 
 photoelectric absorption (bound-free), 
 inverse bremsstrahlung (free-free), and 
 photon scattering.

 Stimulated emission acts as negative opacity by creating photons that add 
to the beam.

 Stellar atmospheres are predominantly hydrogen (90% by number), whilst 
helium makes up almost all the rest. These two elements provide most of 
the opacity over most wavelengths for most (hot) stars.



Absorption coefficient
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 The monochromatic absorption coefficient specifies the energy fraction taken 
from a light beam. It may be defined per particle, 
per gram, or in terms of a geometrical  
cross-section in cm2:

 Per gram:                    𝒅𝑰𝝀 ≡ −𝜿𝝀𝝆𝑰𝝀𝒅𝒔, where
𝜅𝜆 is the mass absorption coefficient [cm2 g-1],  is the density [g cm-3]. 

 Per cm path length:  𝒅𝑰𝝀 ≡ −𝜶𝝀 𝑰𝝀𝒅𝒔, where 𝜶𝝀 is the absorption coefficient [cm-1]
𝛼𝜆 = 𝜅𝜆𝜌

 Per particle:                𝒅𝑰𝝀 ≡ −𝝈𝝀𝒏 𝑰𝝀𝒅𝒔, where σλ is the absorption cross-section 
per particle for individual transitions and n  is the number density [particles cm-3]

𝜶𝝀 = 𝝈𝝀𝒏 = 𝜿𝝀𝝆

𝒅𝝉𝝀 = 𝜶𝝀𝒅𝒔 = 𝝈𝝀𝒏 𝒅𝒔 = 𝜿𝝀𝝆 𝒅𝒔



The mean absorption coefficient 
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 The grey approximation (α, 𝜿 =const) is very coarse but can still be useful. 
Is there a sensible mean value ത𝛼 to use? What choice to make for a mean 
value? 

 We demand flux conservation and hope to keep the temperature structure.

 From the third radiative equilibrium condition: 

𝐹 = න𝐹𝜆 𝑑𝜆 = 4𝜋 න
𝑑𝐾𝜆

𝑑𝜏𝜆
𝑑𝜆 = 4𝜋 න

𝑑𝐾𝜆

𝛼𝜆𝑑𝑠
𝑑𝜆 =

4𝜋

3
න

𝑑𝐵𝜆

𝛼𝜆𝑑𝑠
𝑑𝜆 𝐾𝜆(𝜏𝜆) =

1

3
𝐽𝜆(𝜏𝜆) =

1

3
𝐵𝜆

the Eddington 
approximation

𝐹 =
4𝜋

3

1

𝛼𝑅
න

𝑑𝐵𝜆

𝑑𝑠
𝑑𝜆 =

4𝜋

3

1

𝛼𝑅

𝑑𝐵

𝑑𝑠 1

𝛼𝑅
=

׬
𝑑𝐵𝜆
𝛼𝜆𝑑𝑠

𝑑𝜆

𝑑𝐵
𝑑𝑠

න
0

∞ 𝑑𝐾𝜆

𝑑𝜏𝜆
𝑑𝜆 =

𝐹(𝜏)

4𝜋



Rosseland mean opacity
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𝑑𝐵

𝑑𝑠
=

𝑑𝐵

𝑑𝑇

𝑑𝑇

𝑑𝑠
 and 

𝑑𝐵

𝑑𝑇
=

𝑑

𝑑𝑇

𝜎

𝜋
𝑇4 =

4𝜎

𝜋
𝑇3

1

𝛼𝑅
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׬
1

𝛼𝜆

𝑑𝐵𝜆
𝑑𝑠

𝑑𝜆

𝑑𝐵
𝑑𝑠
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𝑑𝐵𝜆
𝑑𝑇

𝑑𝜆

4𝜎
𝜋

𝑇3

Definition of 
Rosseland mean 
opacity 

The Rosseland mean 1/αR is a weighted (harmonic) mean of opacity, for which 
there is a corresponding optical depth (Rosseland depth):

We hoped for the temperature structure:

The grey approximation is very good for Ross≫1. 

𝜏𝑅𝑜𝑠𝑠(𝑠) = න

0

𝑠

𝛼𝑅(𝑧)𝑑𝑧

𝑇4(𝜏) =
3

4
(𝜏 +

2

3
)𝑇𝑒𝑓𝑓

4 =
3

4
(𝜏𝑅𝑜𝑠𝑠 +

2

3
)𝑇𝑒𝑓𝑓

4

Eddington approximation

𝐹 = 𝜋𝐵



However, the atmosphere is NOT grey

 Opacity depends strongly on wavelengths → 
the atmosphere is NOT grey.

 Non-greyness changes the temperature structure.

119



Dominant sources of opacity
120

 The most important transitions for the continuous absorption are 
those which ionise atoms (with a continuum of final states).

 For H and He the line spectra do not greatly affect radiative 
transport. Some metals, with very complex line spectra 
do contribute to the continuum.

 New stellar opacities have been recalculated in the past 20-30 
years by two groups – OPAL (Iglesias et al., 1996) and The Opacity 
Project/OP (Seaton et al., 1994; Badnell et al., 2005) which have led 
to a factor of 3 increase in opacity under some temperature-density 
conditions via improved treatment of atomic data.


	Slide 96
	Slide 97
	Slide 98
	Slide 99: Partition function (1)
	Slide 100: Partition function (2)
	Slide 101: Partition functions (Gray App D2)
	Slide 102: Partition functions (Gray, old edition)
	Slide 103: Ionization Potentials
	Slide 104: Degree of ionization of H in stars
	Slide 105: Degree of ionization in stars
	Slide 106: Strong Balmer lines in A stars – why?
	Slide 107: Strong lines in Solar photosphere
	Slide 108: Ca II in the Sun
	Slide 109: Saha-Boltzmann applied to Ca 
	Slide 110
	Slide 111: More from Saha
	Slide 112: Summary
	Slide 113: Boltzmann equation & Saha Equation
	Slide 114: Stellar Opacity
	Slide 115: Opacity
	Slide 116: Absorption coefficient
	Slide 117: The mean absorption coefficient 
	Slide 118: Rosseland mean opacity
	Slide 119: However, the atmosphere is NOT grey
	Slide 120: Dominant sources of opacity

