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CURVE OF GROWTH




Schuster-Schwarzschild model

We now turn to the solution of the transfer equation for both

line and continuum radiation. We will adopt the Schuster-Schwarzschild
model, which assumes that the line is formed above the continuum and that
continuous opacity plays only indirect role.

The total absorption coefficient within an arbitrary line is the sum of the line
(o) and continuum () contributionsi.e. &, = ¢, + as is the total emission
coefficient (& = ¢ +&:). Hence,

S,=(ep+er) /(g +a)
and

So, we can write the transfer equation as usual:

dly(0)
dT,l

cos 6 =0100)— 35,




Line source function

* We have seen earlier that the emergent flux from the stellar surface is  times
the Source function at an optical depth of 2/3:

FA(0) = n$;(T = 2/3)

* Across aline profile, ¢, varies, being larger towards the centre. The condition
7,=2/3 is true higher up in the atmosphere for /1 near line centre and
holds for progressively deeper layers for A further into the wing.

« Assuming S, is a slowly varying function of 1 (i.e. constant over the line width),
1S, (71 = 2/3) = F;(0) provides a mapping between F, as a function of 1 and
S, as a function of 7,

~il0)




Theory of line formation

Because of larger absorption in the line, it is formed higher up in the
atmosphere where T'is lower => absorption line.

L= Lt
Consider weak lines: the layer 7,=2/3 is close to the layer with 7.=2/3.
o <<a; 2 o= oc(l+va/a)

We can evaluate S, by a Taylor expansion around the point 7. = 7;:

ds,
Si(ty =2/3) = S;(t =2/3) + a7 At
Clr=2/3
. _2_0O; 2 o
o/te=oy /o, 2 1= (Tp+7C) ot S sara 5( _Ec) for Of\L <<
2 204 Such a line is
Tc= T;\+ATC= 3 +ATC > ATC= - EEC <— called optically
thin.




Theory of line formation

2 a, dS)L

Si(ta=2/3) = S3(t¢ =2/3) —=—

The line equivalent width is then (LTE: S; = B;) 3 cdiclys
F.—F By(t., =2/3) — By(r) = 2/3
lefc /ld/lz'[d/lﬁ(c /3) — By(ta = 2/3)
Fe B;(tc =2/3)
dB)(t. =2/3 2a 1
W,1=jdﬂ A (T = 2/3) 2a, _
dt, _2/3 3ac)By(t. =2/3)

2 dInB =2/3
W/‘1=§fd/1 A(Tc /)

_21dInBy(r. =2/3) f Weakly depends on A
WA = — X aLdA
3 ac f dTC 1.=2/3 J
The profile mimics the shape of «;.
If there is no temperature gradient with the Line strength can be increased by
temperature decreasing outwards, then there decreasing the continuous absorption a;
are no absorption lines in the spectrum. or by increasing the line absorption 4.




Theory of line formation

(0]

21dnBy(r,=2/3
3ac dt, re=2/3 2
a, = oyn, N=fndr=alcfacdr=rcalcz§aic-)W;LocN

For optically thin lines with o, << o, W, oc NV




Strong lines

@

For o, << ¢, the line is optically thin, and its strength increases
proportionally with ¢, /o, If ¢, /->1, the line becomes optically thick,
reaching a maximum depth R,. For very thick lines with ¢, / o=, the
intensity in the line centre is given by the source function S, (7,=0), or

B,(7,= 0) in LTE. This is not zero since T( 7, = 0) is non-zero.

[f non-LTE applies, when §,#B,, S, (1,=0) may tend towards zero, for instance,
in resonance lines (arising from transitions between the ground states and
the first energy level).

Fig. 10.12. Changes of the line profile with increasing k, /k. for (a) optically thin
and (b) optically thick lines.




The Curve of growth describes how the equivalent width (line
strength) W, depends on the number of absorbing atoms or ions.

For weak, optically thin lines, as the abundance doubles, the line
equivalent width also doubles in strength:
W, ~N — this is the LINEAR part of the curve of growth.

As the abundance continues to increase, the Doppler core of the line
becomes optically thick and saturates. The wings of the line, which are
still optically thin, deepen, which occurs with little change in the line
equivalent width and so produces a PLATEAU in the curve of growth,
W,~(In N)V/2,

Ultimately, the damping wings become optically thick, increasing the
equivalent width, W, ~(N)"/2. This is the DAMPING or SQUARE ROOT
part of the curve of growth.
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Curve of Growth

Curve of growth for the K line of Ca II. As N increases, the functional
dependence of the equivalent width changes.
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» Using the curve of growth and a measured
equivalent width we can derive the number of
absorbing atoms.

» The Boltzmann and Saha equations convert this
value into the total number of atoms of that
element in the photosphere - abundance.

» To reduce errors, it is advisable to locate several
lines on a curve of growth



Thermal and Pressure effects

The exact form of the curve of growth depends on the ratio of pressure to
thermal broadening, a =y / 2AA,,.

For increasing Doppler line width, saturation occurs for larger I//,, whilst the
damping part will start earlier if « (i.e. ) is larger.

Large y __—~
//
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Transfer Equation
including lines

SCATTERING IN LINES
THE MILNE-EDDINGTON MODEL
RESIDUAL FLUX OF THE LINE
ABSORPTION AND SCATTERING LINES
SCHUSTER MECHANISM FOR LINE EMISSION




Summary of simple line transfer

Simple line transfer:

The total absorption coefficient within an arbitrary line is the sum of the line (¢, ) and
continuum (o) contributionsi.e. o= o+, as is the total emission coefficient
(&= g.+&:). Hence,

Si=lared)/ (o + o)

and
diz -(O£L+ ac) dZ T}\’z TL+ TC
So, we can write the transfer equation as usual:  cos 6 dld’l—r(e) =1,(0) — S,
The surface specific intensity 1;(0,0) = J Sy (t))e~"2s%¢ P sech dr,
and surface flux 0,
are obtained as previously. Fy(0) =2m j I; (0,0)udu u=cos 6
0

Again, we need to know S(7) to evaluate these integrals.




Scattering in lines

 Special case: —_—
Coherent scattering: v, = v,
e Common case:
2-level atom absorbs photon with a
frequency v,, re-emits photon with
frequency v.; frequencies not exactly
equal, because
o levels a and b have non-vanishing energy width
o Doppler effect because atom moves

» Non-coherent scattering requires
a redistribution function

V1 Vo




Transfer Equation including lines

Classical approach:

absorption of photons by line has two parts

1. (1-€) of absorbed photons are scattered
(e” returns to original state)

2. (of absorbed photons are destroyed
(into thermal energy of gas)

(for LTE: { =1)

Resonance lines Subordinate

(to/from the [ f lines (to/from

ground level) i 7 higher levels)
N

A photon 122 A photon 324

returns backto . | disappears,

the radiation field,” | l

thus dominates thus dominates

Scattering 1 | True absorption




Scattering

e Pure Absorption and Thermal Emission:
£
S(t) = p LTE: &4, = a;;, B(T)

e Pure Scattering:
For the case of pure scattering, the associated emission becomes completely
insensitive to the thermal properties of the gas, and instead depends only on the
local radiation field. If the scattering is roughly isotropic, the scattering emissivity
£, in any direction depends on both the opacity and
the angle-averaged mean-intensity &, =x, p /=,
This implies then that, for pure-scattering,
S =]
e Source Function for Scattering and Absorption:
The total opacity consists of both scattering and absorption, o = o, .+ .
The total emissivity likewise contains both thermal and scattering components

e= &gy + &= oy B+a,J. The general source function
absorption fraction (=

S(t)=¢{B+(1-J()
I

aabs

aabs+ asc




The Milne-Eddington model (1)

Consider a case where at the given frequency the total opacity is a combination
of both continuum and line processes:

: .. : scattering in the continuum
Total absorption coefficientis a,= a$ + af + o< 8

a, X qbv; line opacity X line profile

The total optical depth is dt, = —(a$ + ak + o) ds

(larger than in the continuum!)

The correponding emissivities &, = €5 + €& + a7,

I I dl I
dl,(u) Recall radiative | v
I K . =1, (,Ll, TV) o SV(TV) :transferequation I ,ng = —ayly + &




The Milne-Eddington model
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_____________________________

Transfer equation: £=gy+ 6, ayBtay] !

_____________________________

-absorbed +thermal +scattered
dl,

\ y
u——=—(ay +ay +o)l, + & +ajy +{ayB, + (1 - C)Taé v
+therm. line em. +scat. line emission (coherent)

Without dealing with the general case for the computation of all
coefficients we assume:

* LTE in the continuum es = aSB,(T)

e scattering negligible in the continuum o < af

The following slides with light-grey backgrounds (like in this box) are for self-study.
The derivation of equations will not be asked at the exam but will help understand
the important results and conclusions.




The Milne-Eddington model (2)
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"""" L,
ME__(QV + a1, + a$B, + {alB, + (1 — \)alJ,
L
Using f, = % dt, = —(al + ab)ds = —al (1 + B,) ds
dIv 1+ C.Bv (1 o Z).Bv
—~ =,—-B - =1, —A,B,—(1—12
'udTv v Y1+, 1+ 8, Jv v vBy = ( v) Iy
destruction probability —r /11/ = 1+¢By
| 146,
dl, Milne-Eddington Rouetion
u—-=1, — )LVBV — (1 — )Lv) Iy Solve at each frequency point
dTv across profile.




The Milne-Eddington model (3)
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dl,
”d_l'v =1, —A,B,—(1—-4,) /],

Milne-Eddington assumptions (for analytical solution):
1. B, A, and ¢are constant with depth

2. B, islinear in continuum optical depth: B =a+bt,
dr,

1’

a'-T{: —
1+ 3, 1+ 3,

1
Also, the Eddington approximation K;(t1;) = 3 Ja(ty)




Lecture 6

Recap: Eddington approximation

Lecture 18

K-integral and radiation pressure

Eddington approximation (1)

164

—

il s
. . - ’
¢ K-integral is related to the radiation pressure: K, = 1 j(la . dw\\
\ 4m
~ - 7 4

N -

A photon has momentum p, = E;/c
Consider photons transferring momentum to a solid wall. Force:

_dpu__ldEAcosﬂ
T dt  cdt
F 1dEjcosd 1

Pressure: dP; = 21,1 cos?9 dw dA

‘\ a5

h= stmacana

Tdo ¢ dt do

1 4
P(A) = z f[l cos?9 dw = TKA

4T

@

* Previously we have seen that for the determination of the flux the anisotropy in
the radiation field is very important because in the flux integral the inward-going
intensities are subtracted from the outward-going ones, due to the factor cosé.

* But for K, a small anisotropy is unimportant because the intensities are multiplied
by the factor cos?¢, which does not change sign for inward and outward radiation.

» In order to evaluate X or c, we can approximate the radiation field by an isotropic
radiation field of the mean intensity J: I = J (by definition). From the definition of
K, we obtain

4m
A Ky = 561,1(1',1, 0) cos? 0 dw = J;(z3) i)‘cos2 Odw = ?]A(Tl)
or after division by 47, , <~ e ¥

i B 1
\ K@) = §]A(TA)

S -
\~_———’

\
/

This approximation for the K-function is known as
the Eddington approximation.




Recap: Moments of intensity

e The mean intensity J, is the directional average (over 4r steradians) of the
specific intensity [0-th moment of intensity]:
1

UL G —anl()d—ljl d
]’1_4n adw =7— pwdu = (1) du

1

2

-1
e Eddington flux H, is the directional average (over 4r steradians) of the

projection of the specific intensity [1st moment of intensity]:
1

1 1
yp= Iacosedw——jl(u)udu——jl(u)udu

H
A= 2

-1 F, - astrophysical flux
H, - Eddington flux

e K-integral [2nd moment of 1nten31ty] : F= nf,=4nH,
1 1

1 21 1
= — 2 = — 2 = — 2
K; 4nf1,1cos 0 dw yy jl(u)u du 5 fl(u)u du
~1 -1




The Milne-Eddington model (4)
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dl,

1 +1
x|

dt,

= [, —

/1va o (1 o /11/) ]v

Multiply both sides by d/zand x dzz and integrate:

dH, _
%
drt,
04K, F()
)y 35T T HE

The third radiative equilibrium condition

Differentiate again

d*K,

dt?

dK, 1dJ,
= HV = ——

drt, 3dr,

=AUy — By)

-MB,—(A-4,) ), =40, — By)

F, - astrophysical flux
H, - Eddington flux

\ F;\.= TEF;\'=4TCH7L
1 2

_ d Jv Eddington
g «—
3 dt?

approximation



The Milne-Eddington model (5)
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1 d2]v
3 dt?

=10y — By)

- . . .. d’B
B, is linear in 7, so zero second derivative —~* = 0

dts,
1d2]v . 1d2(]v_ V):/ﬂ B
3dt:2 3 dr? =AUy = By)

\ J
) 4

This can be integrated to give
Jy — B, = Ae V3N 4 BeV3hTy

Apply boundary condition at depth:
T,2>© = J,->B, > B=0



The Milne-Eddington model (6)
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N~ Lecture 19
J, —B, = ecture

Eddington approximation (3)
Now aj

* Boundary condition: there is no flux going into the star,
iel(00)=I=0forn/2<0<m
* We also assume that the outward intensity does not depend upon 6,

From g  ie.:(06)=1=const for 0<0<n/2

: 1 1
o ltgives  j0) = §1+ =5.F(©®
S(r) = %TF(O) +C=J@ |

* Hence C=/(0)= F(0)/2n so: / // ,

BERY | 2)F(0)
S(T)_T[(41'+2)F(0) \ ES(T) =—(T+—)F(O) i

To find the depth dependence of T, we also need to assume LTE.

[ g(n) is a slowly varying

function (Hopf function),
with ¢ = 1/4/3 at =0




The Milne-Eddington model (7)
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]v = Bv = Ae™V 3Ty + %ﬁ/

Now apply boundary condition at at surface:
7, =0 = J, =B, +«A

From grey atmosphere solution, get /(7=0):

Eddington approximation (2)

dK F
* Inserting the Eddington approximation into the above equation O = @©
we find dt 4m

dKk(r) 1dj(zr) F(r) _ dj(z) 3
dr 3 dr _ am drt _47TF(T)




]v — Bv = Ae Vv 3y Ty -L B>@v

Now applv boundary condition at at surface:
7, =0 = J =B +4A

From grey atmosphere solution, get J(7=0):

J(1) = i [T *+qg(1t)]F(0) =3H(0 + i) =/3H

- 3
1dJ 1
=l =M (0)=—23,(0
3 dTV T = r V( ) '\/§ V( )
1 djy
From B =a+bt. J,(t,=0) =B, + A = a+A = N




The Milne-Eddington model (9)
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J, =B, + Ae V3N = q + b1, + Ae V3T

1 dJ, 1 [ b ]
— V] = |-A4./3%, + = atA
\/§dTV 7,,=0 \/§ Y 1 +ﬁv
can now solve for A! \\ -
b - %
P A e
V3 +./31,
. _ b
Define p, = g
p, —V3a

]V(T) — a+pVTV+\/§+me



The Milne-Eddington model (10)

Thus, we obtained the fully analytic solution for the mean intensity

\/_ 3a Thermalization
= —V3hTy depth
S (@) \a‘l'vav \/_+me \Tv:1
B, Vi
]V - BV
.’V < BV
in outer parts of
We can use this to obtain the emergent flux atmosphere

1 _a , —V3a _py+tav3l,
H"(O)_\/_§]"(O)_\/§+3(1+\//Tv)_3(1+m




Residual flux of the line

P, +a /_3).1, B=atbr. B, Ea:é. Te= 70,
H, (0) = b
3(1+V71,) - L1t
Y1+ By VT 1+ By
Residual flux (relative intensity)
F, H,(0)
'r'v u— u—
F. H:(0)

for continuum H: [, =0 = p,=b A,=1

HC(O) — %(b +2a\/3_)

) -
YT A+ )b+ av3)
-




Non-negligible scattering in continuum
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ak Ty
p, +a /_3/11/ B=atbt, P, Ea—g Tec= T3
Hv(o) —
3(1 +V1,) __b _§+3tB,
pv_l‘l'ﬁv Ay = 1+p0,
for continuum A;: [, =0 = p,=b A,=¢" [
without proof
C
H.(0) = (b + a+/3(%)
3(1++/79)

. _(pv+a 34, )\ [1++/2¢
’ b+ a3 1+\//1_v



Various special cases

aé’ TIJ

. 2 pv+a\/3_/1v BV=3+bTC 'BVEQ_S Te = 1—|—ﬁy

%
(1+2,)(b + aV3) _ b 1448
V=13, ME 1+8,

This general result contains interesting behaviours in various special cases:
a) case( =1 (LTE: pure absorption lines)

b) case { =0 (extreme non-LTE: pure scattering lines)

c) Schuster Mechanism: Line Emission from Continuum Scattering Layer
p, +a/31,\(1+ ¢
'r -
"\ b+a3¢° J\1+/2,




Pure absorption lines (LTE)
al Ty

Dy t+ a4 34, ’ ‘ al 1+ 3.
(1+2,)(b + aV3) b 1+ B,

T, = 2

a) pure absorptioninline: { =1 ,
— pv+a‘/§_1+ﬁv+a\/§

_1+py
== ) N T AT pials
. ’ 1 av3 a B, (r, =0) L
or strong lines: ff > " b+aV3 b/\3+a B, (5, =1/V3)
For grey atmosphere, strongest lines:

3 2 Non-zero
5,(7:) = Ar (z ; 5) F0) because we see
a/b=2/3 = r,~0.54 B, atupper level
Thus, in LTE, the residual flux is non-zero even for strong with non-zero
absorption lines. However, resonance lines such as Na D temperature

have R~103-10*




Pure scattering lines (extreme NLTE)
.

, p, + a /3/11/ B=a+bt, 'BanS Tec= 1+}3v
1., —
T A+ )0+ av3) pv51+bﬁ L _1¥3
v v 14+ 56,
b) pure scattering in line: { = 0 b__ .. / 3
51+(’8"= 1 H =2 1+ 56, 1+ 5,
LHh 1+h (1+ —1+1[3 )(b + av3)

] Scattering removes all photons
- no photon emerges from
surface. Cores of strong
scattering lines are dark!




The residual flux Rx vs frequency x




Line emission from continuum scattering layer

297 ol r
B=a+bt, =— Tc=

(pv+a 3/1v><1+\/56> Coaw 144
v = [a7C = S {€ + 3By
b+a 3(6 1+ }{V pV_1_|_’3v A, = 1+5,
c) pure scattering in continuum:{¢= 0

1 a
Ciits g, Ll 23
=t D ey THB D

1+ 06, 14+ p6, 1"‘\//1_1/

1
If the line opacity is also pure scattering, {*=0,then i, =0 7, = 1+ 5 <1
Vv
i 3ai always in
But for {¥= 1 and for stronglines 5, » 1 in, — 5| absorption

For a weak temperature gradient with
small b/a, can exceed unity, implying a net
line emission instead of absorption.



Line profiles for Schuster model

208

Bo=10 4

Scattering makes the continuum source function low near the surface, 5,(0) - /.(0)<<5(0),
which implies a weak continuum flux. The line can potentially be brighter, but only if the
decline from the negative temperature gradient term is not too steep.



» We obtained Transfer Equation including lines and
taking into account Scattering in lines.

» We solved it using the Milne-Eddington model.
e We then obtained Residual flux of the line.

» Finally, we discussed interesting special cases such
as pure absorption and pure scattering lines.

» We also tried to explain emission lines applying
Schuster mechanism for line emission.
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