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There was a home work:

·When (at what temperatures, wavelengths) is 
spontaneous or induced emission stronger? 

Assume LTE (blackbody)

Comparison of induced and 
spontaneous emission



Spontaneous emission Stimulated emission
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Spontaneous & Stimulated emission

o The system goes from an upper level u to a 
lower level l stimulated by the presence of a 
radiation field (Èʉcorresponding to the energy 
difference between levels u and l ).

o Stimulated emission occurs into the same state 
(frequency, direction, polarization) as the 
photon that stimulated the emission.

o The system goes from an upper levelu to 
a lower level l spontaneously.

o Occurs independently of the radiation field.
o Emits isotropically .



Relation between Einstein coefficients
3

ᴼ ὃ ὄ

Ὣὄ

Ὣὄ
ρ ᴼ Ὣὄ Ὣὄ

%ÉÎÓÔÅÉÎȭÓ ÃÏÅÆÆÉÃÉÅÎÔÓ ÃÏÎÃÅÒÎ ÔÈÅ ÐÒÏÂÁÂÉÌÉÔÙ ÔÈÁÔ Á ÐÁÒÔÉÃÌÅ ÓÐÏÎÔÁÎÅÏÕÓÌÙ 
emits a photon, the probability to absorb a photon, and the probability to emit 
a photon under the influence of another incoming photon. 
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Induced and Spontaneous emission
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When is spontaneous emission stronger? 

Total amount of emitted photons per unit time at a given frequency is
Spontaneous emission: hsp=n2A21

Stimulated emission:     hst =n2B21 Jʉ
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At wavelengths shorter than l*spontaneousemission is dominant

T=5777K Ąl*º41000 Å                 l* =6563 Å  Ą Tº31600K l* =4340Å  Ą Tº48000K

TE: blackbody,  J=Bn(T )
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Spectral line formation



Broadening of spectral lines
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There are numerous broadening mechanisms which 
influence the apparent shape of spectral lines:

1. Natural broadening
2. Thermal broadening
3. Microturbulence

(treated like extra thermal broadening)
4. Collisions (important for strong lines)
5. Isotopic shift, hyperfine splitting ( hfs) ,

Zeeman effect

6. Macroturbulence
7. Rotation
8. Instrumental broadening
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Natural Line Broadening (1)
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Energy levels of atoms are intrinsically broadened due to the Heisenberg
uncertainty principle . A decaying state j does not have a perfectly defined 
energy Ej, but rather a superposition of states spread around Ej.

The longer the atom is in a state (dt high), the more precisely its energy can 
be measured (dE low). 
A large transition probability leads to a short life in the state (low dt) and a 
large energy uncertainty (high dE).

Thus, the spectral lines are broadened. This type of broadening is called 
natural broadening .



Natural Line Broadening (2)
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· The resulting absorption coefficients have the same form as the classical case, 
except that the classical damping coefficient gis replaced by G, the Quantum 
Mechanical damping constant, the sum of all transition probabilities Aij for 
spontaneous emission:
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· Still very small, since f is at most of order unity! 

· Clearly other line broadening mechanisms should dominate.



Thermal (Doppler) broadening
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· The light emitting atoms in a stellar atmosphere are not at rest but have a thermal
motion ĄMaxwellian velocity distribution.

· Because the particles produce Doppler shifts, the line of sightvelocities have a 
distribution that is an important special case for spectroscopy:

where ὺ is the radial (line of sight) 
velocity component, and ὺ is the 
most probable velocity  ὺ ςὯὝȾά

· The frequency (wavelength) shift 
(linear Doppler effect) is related 
to ὺ:
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Doppler broadening
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· The distribution of Dlor Dnvalues gives us the shape of the absorption 
coefficient.

· Integrating the Maxwell distribution over all velocities, we obtain
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substituting  ὺ ὧ and   ɝ’ ὺ (the Doppler width)

· With ᷿ •’ ρ, we obtain the Gaussianline profile in terms of the Doppler 
width :

Again, the maximum is at n0.               Temperature dependency:  ɝὺÔÈͯ Ὕ
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Doppler broadening (FWHM)
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·We can again obtain the line FWHMvia n=n1 where 

ʒ(n1)=1/2 ʒ(n0) and then solve for the FWHM  = Dn1/2 =2(n1-n0)

· This implies that    ς ÅØÐ’ ’ Ⱦɝ’ or   ’ ’ ɝ’ÌÎς

· Finally,     
ɝ’Ⱦ ς’ ’ ςɝ’ ÌÎς ρȢφχɝ’ ςȢρσωρπ ὝȾ‘Ⱦ‗ B (Ú

(ʈis the atomic mass)

· In wavelength units ɝ‗Ⱦ ɝ’Ⱦ χȢρ ρπ ‗ B ὝȾ‘ B



Doppler broadening (example)
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· For the Sun, with T~6000K at Ha: 

i.e.in wavelength units   ɝ‗Ⱦ χȢρ ρπ ‗ B ὝȾ‘ B

ɝ’Ⱦ ςȢρσωρπ ὝȾ‘Ⱦ‗ B



Doppler broadening (example)
14

· For the Sun, with T~6000K at Ha: 

i.e.in wavelength units

or velocity units:

· This is much largerthan the natural damping width of the line (10-4 Å), 
but still relatively small relative to some pressure broadening mechanisms 
(will discuss later).

· The atomic mass dependence in the denominator implies 
smaller line widths for metallic lines, e.g.a factor of (56)1/2 smaller for 
iron lines having wavelengths close to Ha.
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Spectral line formation



Natural and Thermal Broadenings
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From above:

· Natural Line Broadening:

Lorentzian profile with FWHM

· Doppler broadening 

Gaussian line profile with FWHM
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Comparing broadenings

·Thermal (Doppler):
¹ Dlth=0.02 Å (at  l0=5000 Å, T=6000K,  Fe)
¹ Dlth=0.5 Å   (at  l0=5000 Å, T=50000K, H)

·Radiation damping:   
¹ DlFWHM =a few ³10-4 Å

·But: decline of Gauss profile in wings is much steeper than for 
Lorentz profile:

· In the line wings the Lorentz profile is dominant
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Broadening mechanisms profiles
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· Different broadening mechanisms have 
the form of 

¹ A Lorentzian function (natural profile and 
broadening, some pressure brodenings)

¹ A Gaussianfunction (thermal broadening, 
instrumental broadening, etc.)

¹ Other functions are possible (e.g., Linear 
Stark broadening)

· Generally, we have to consider both 
(all) types of profiles. For example, the 
pressure damping profile is negligible 
in the line core, but the Doppler profile 
decreases very steeply in the wings, 
whilst the damping profile decreases 
only as 1/Dl2

· The Gaussian dominates the line core 
(or is confined to it), while the 
Lorentzian profile dominates in the line 
wings out to several times the FWHM.



Joint effect of different mechanisms
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Mathematically: convolution

Properties:

·commutative:

·Fourier transformation:
where F denotes theFourier transform of f.
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i.e., in Fourier space the convolution 
is a multiplication

)()()( BABA fFfFnormfactorffF ÖÖ=*



Application to profile functions
20

Convolution of two Gaussian profiles 

Result: Gauss profile with quadratic summation of half-widths.

Convolution of two Lorentzian profiles (e.g., radiation + collisional damping)

Result: Lorentz profile with sum of half-widths
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Voigt profile
21

Convolving Gauss and Lorentz profile             (e.g. thermal + natural broadening)
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The Voigt func for various a (1) 
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The final form of the 
combined Voigt
profile depends on   
a= 2ʌa = g/2DnD , 
the ratio of the 
damping widths g/2 to 
the Doppler width DnD

As a rule of thumb , 
the damping wings 
start to contribute a 
distance ɀ(log a)DlD
from the line centre 



The Voigt func for various a (2) 
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Voigt profiles The final form of the 
combined Voigt
profile depends on   
a= 2ʌa = g/2DnD , 
the ratio of the 
damping widths g/2 to 
the Doppler width DnD

As a rule of thumb , 
the damping wings 
start to contribute a 
distance ɀ(log a)DlD
from the line centre 



Calculation of a Voigt profile
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No analytical representation is possible, buté

· IDL:
IDL> u= findgen(201)/40. -2.5
IDL> v= voigt(0.5,u)
IDL> plot,u,v

· Python


