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Schematic stellar evolution



Introduction

 We have derived all the differential equations that define uniquely the equilibrium 
properties of a star of a given mass and composition. We know how to solve them.

 Our task now is to combine the knowledge acquired so far into a general picture of the 
evolution of stars. 

 We will consider the schematic evolution of a star, as seen from its centre. The centre is 
the point with the highest pressure and density, and (usually) the highest temperature, 
where nuclear burning proceeds fastest. Therefore, the centre is the most evolved part of 
the star, and it sets the pace of evolution, with the outer layers lagging behind.

 The stellar centre is characterized by the central density ρc, pressure Pc and temperature 
Tc and the composition (usually expressed in terms of μ and/or μe). These quantities are 
related by the equation of state (EOS). 

 We can thus represent the evolution of a star by an evolutionary track in the (Pc, ρc) 
diagram or the (Tc, ρc) diagram.

 Since the only property that distinguishes the evolutionary track of a star from that of any 
other star of the same composition is its mass, we may expect to obtain different lines in 
the (Tc, ρc) plane for different masses. 

 The (Tc, ρc) plane will be divided into zones dominated by different equations of state and 
different nuclear processes. 
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Zones of the equation of state 

 As the ranges of  density and temperature typical of stellar interiors span many orders of 
magnitude, logarithmic scales will be used for both. 

 By considering the EOS we can derive the evolution of the central temperature. This is 
obviously crucial for the evolution track of a star because nuclear burning requires Tc to 
reach certain (high) values. 

 We have previously encountered various regimes for the EOS:

 The most common EOS is that of an ideal gas: 𝑃 =
ℜ𝑇𝜌

𝜇
= 𝐾0𝜌𝑇

 If radiation pressure is dominant, then the equation of state changes to 𝑃 =
𝑎𝑇4

3

 At high densities and relatively low temperatures, the electrons become degenerate, and 
since their contribution to the pressure is dominant, the EOS is replaced by 𝑃 = 𝐾1𝜌

5/3. 
This is independent of temperature. More accurately: the complete degeneracy implied by 
this relation is only achieved when Tc → 0. 

 For still higher densities, when relativistic effects play an important role, the EOS changes 
to the form 𝑃 = 𝐾2𝜌

4/3.
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EOS in the (log P, log ρ) plane
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 The transition from one state to the 
other is, of course, gradual with the 
change in density and temperature, but 
an approximate boundary may be traced 
in the (log P, log ρ) plane.

 The boundaries may be defined by the 
requirement that the pressure obtained 
from a one EOS be equal to that obtained 
another. For example, the boundary 
between the ideal gas zone and the non-
relativistic-degeneracy zone may be 
obtained, 𝐾0𝜌𝑇 = 𝐾1𝜌

5/3, which defines 
a straight line with a slope of 1.5:  

log 𝜌 = 1.5 log 𝑇 + constant.

Figure from Prialnik



Zones of nuclear burning

The nuclear energy generation rate is a sensitive function of the temperature, which can be 
written as

𝜀 ≈ 𝜀0𝜌
𝜆(𝑇)𝑛

where for most nuclear reactions (those involving two nuclei) =1, while n depends mainly on 
the masses and charges of the nuclei involved and usually n>>1. For H-burning by the pp-chain, 
n≈4 and for the CNO-cycle which dominates at somewhat higher temperature, n≈18. For He-
burning by the triple-alpha reaction, n≈40 (and =2 because three particles are involved). For C-
burning and O-burning reactions n is even larger. 

As discussed in previous lectures, the consequences of this strong temperature sensitivity are 
that

 each nuclear reaction takes place at a particular, nearly constant temperature, and

 nuclear burning cycles of subsequent heavier elements are well separated in temperature

The threshold given by 𝜀 ≈ 𝜀𝑚𝑖𝑛 is 

log 𝜌 = −
𝑛

𝑚
log𝑇 +

1

𝑚
log

𝜀𝑚𝑖𝑛

𝜀0
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Nuclear burning in the (log P, log ρ) plane 
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The transformation of hydrogen into the iron group 
elements  comprises five major stages: 

 hydrogen burning into helium either by 
the p-p chain or by the CNO cycle; 

 helium burning into carbon by the 3a reaction; 

 carbon burning; 

 oxygen burning;

 silicon burning. 

Nucleosynthesis ends with iron. 

Iron nuclei heated to very high temperatures are 
disintegrated by energetic photons into helium 
nuclei. This energy absorbing process reaches 
equilibrium, with the relative abundance of iron to 
helium nuclei determined by the values of 
temperature and density. A threshold may be 
defined for the process of iron photodisintegration, 
as a strip in the (log P, log ρ) plane, by the 
requirement that the number of helium and iron 
nuclei be approximately equal. 



The evolutionary path of the central point

Are the centre of a star of given mass M may assume any combination of temperature and 
density values, or these values are in some way constrained by M ?

We now regard the (log P, log ρ) plane as a (log Pc, log ρc) plane, referring to the stellar centre. 

Assuming a polytropic configuration for a star in hydrostatic equilibrium, the central density is 
related to the central pressure by equation

𝑃𝑐 = 4𝜋 1/3𝐵𝑛𝐺𝑀
2/3𝜌𝑐

4/3

This relation is only weakly dependent on the polytropic index n, especially for stable 
configurations, for which n varies between 1.5 and 3 and the coefficient Bn between 0.157 and 
0.206 (see the table above), and it is independent of K. As we noted before, this relation provides 
a good approximation to hydrostatic equilibrium for any configuration. 

Additionally, Pc is related to ρc and Tc by the EOS (we have different ones). Combining each of 
them with the above relation, we can eliminate Pc to obtain a relation between ρc and Tc.

For example, for a star of mass M, whose central point is found in the ideal gas zone I, we obtain 
the relation between ρc and Tc

𝜌𝑐 =
𝐾0
3

4𝜋𝐵𝑛
3𝐺3

𝑇𝑐
3

𝑀2

For a star of given mass, the central density varies as the central temperature cubed.
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The central point in the (log P, log ρ) plane 
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 For a star of mass M, whose central point is 
found in the ideal gas zone I, we obtain the 
relation

𝜌𝑐 =
𝐾0
3

4𝜋𝐵𝑛
3𝐺3

𝑇𝑐
3

𝑀2

On logarithmic scales, it becomes a straight
line with a slope of 3. Different masses define
different parallel lines. 

 If at the centre of a star the electrons are 
strongly but non-relativistically degenerate, the 
central point is found in zone II . Then the 
relation is

𝜌𝑐 =
𝐵1.5𝐺

𝐾1

3

𝑀2

which replaces the ideal gas relation. Here ρc is
independent of Tc, and the corresponding line in
the (log Pc, log ρc) plane is horizontal and
increases with mass M.

 Zones I and II are the only stable regions in the 
(log P, log ρ) plane. Hence, there is no need to 
consider the others. 

For relatively low masses, the relations will merge at 
the  boundary between zones I and II, resulting in a 
continuous bending path characteristic of each mass. 



Evolution of a star in the (log P, log ρ) plane
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Stars are limited to a rather 

narrow mass range of 0.1 M


to ~100 M


. The lower

limit is set by the minimum 

temperature required for 

nuclear burning, and the upper 

limit by the requirement of 

dynamical stability.


