
Introduction and recap
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We have shown that the source of energy in the Sun must be nuclear.

We have derived the third equation of stellar structure, 
the equation of energy production, relation between energy release and 
the rate of energy transport.

𝑑𝐿 𝑟

𝑑𝑟
= 4𝜋𝑟2𝜌 𝑟 ε

We now have three of the equations of stellar structure. However, we have 
five unknowns:

P(r), m(r), L(r), ρ(r) , ε(r). 

In order to make further progress we need to consider energy transport in 
stars.



Method of energy transport
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There are three ways energy can be transported in stars:
 Conduction – by exchange of energy during collisions of gas particles (usually e-)
 Radiation – energy transport by the emission and absorption of photons
 Convection – energy transport by mass motions of the gas

Conduction and radiation are similar processes – they both involve transfer of energy by direct 
interaction, either between particles or between photons and particles.
Which is the more dominant in stars ?
Energy carried by a typical particle ~3kT/2 is comparable to energy carried by typical photon ~hν
~hc/λ
But number density of particles is much greater than that of photons. This would imply conduction is 
more important than radiation, but…

Mean free path of photon lph~ 1/(nσT) ~1 cm
Mean free path of particle lp~ 1/(nσo) ~ 10-8 cm
n is particle concentration in cm-3, σT~(8π/3)re

2~7x10-25 cm2, σo~πa0
2~10-16 cm2.

a0=5x10-9 cm is Bohr radius, re =3x10-13 cm is the classical electron radius.
Photons can move across temperature gradients more easily, hence larger transport of energy. 

Conduction is negligible, radiation transport in dominant.



The equation of radiative transport
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We will derive an expression relating the change in temperature 
with radius in a star assuming all energy is transported by 
radiation. Hence, we ignore the effects of convection and 
conduction which we will discuss later.

The radiative transfer equation describes how the physical 
properties of the material are coupled to the radiation spectrum. 

First of all, we must have a carefully defined terminology to 
properly describe light and its interaction with the material in 
stellar interiors and atmospheres. 



Basics about radiative transfer 

R A D I A T I O N  T E R M S

S P E C I F I C  I N T E N S I T Y

C H A N G E  O F  I N T E N S I T Y  A L O N G  P A T H  E L E M E N T

A B S O R P T I O N  A N D  E M I S S I O N  C O E F F I C I E N T S
O P T I C A L  D E P T H ,  S O U R C E  F U N C T I O N

R A D I A T I V E  T R A N S F E R  E Q U A T I O N
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Definition of solid angle and steradian
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Unit of solid angle is the steradian.  4π steradians cover whole sphere.

Put the polar axis along the 
star’s radius.
Area of a patch dS on a 
sphere limited by (θ, θ+Δθ) 
and (φ, φ+Δφ) is 
dS = r sinθ r Δθ Δφ ≡ r2 d

d is the solid angle 
subtended by the area dS at 
the center of the sphere.
For a unit radius sphere:
d = sinθ dθ dφ



Specific Intensity (1)
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Consider light passing through a 
perpendicular surface area d in a narrow 
cone of opening solid angle d. The 
amount of energy E passing through this 
area per second is given by 

Now consider the energy passing through a 
surface area d at an angle  with respect 
to the normal of this surface area, the 
effective beam width is reduced by cos(): 

𝐸𝜆 = 𝐼𝜆 𝑑𝜆 𝑑𝜎 𝑑𝜔 𝑑𝑡

𝐸𝜆 = 𝐼𝜆 cos 𝜃 𝑑𝜆 𝑑𝜎 𝑑𝜔 𝑑𝑡

Specific intensity of the radiation



Specific Intensity (2)
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Another, more intuitive name for the specific intensity is 
brightness.

𝐼𝜆 =
𝐸𝜆

cos 𝜃 𝑑𝜆 𝑑𝜎 𝑑𝜔 𝑑𝑡

The (specific) intensity 𝑰𝝀 is then a measure of brightness 
with units of erg s-1 cm-2 steradian-1 Å-1 (or erg s-1 cm-2

steradian-1 Hz-1). 



Bolometric Intensity
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 One can alternatively define intensity in frequency units such that 

 Note that Iλ  Iν ! The two spectral distributions have different shapes 
for the same spectrum. The Solar spectrum has a maximum in the 
green in I (5175Å), but for I the maximum is in the far-red (8800Å). 

c=, d/d=-c/2

so equal intervals of  correspond to different intervals of  across the spectrum.

 Integrated (bolometric) intensity is

𝐼𝜆𝑑𝜆 = 𝐼𝜈𝑑𝜈



How does specific intensity change along a ray?
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If there is no emission or absorption, specific intensity is just constant 
along the path of a light ray. Consider any two points along a ray, and 
construct areas dA1 and dA2 normal to the ray at those points. How much 
energy is carried by those rays that pass through both dA1 and dA2?

ቋ
𝐸1 = 𝐼𝜆,1𝑑𝜆1𝑑𝐴1 𝑑𝜔1 𝑑𝑡

𝐸2 = 𝐼𝜆,2𝑑𝜆2𝑑𝐴2 𝑑𝜔2 𝑑𝑡
where 𝑑𝜔1is the solid angle
subtended by dA2 at dA1 etc



How does specific intensity change along a ray?
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The same photons pass through both dA1 and dA2, without change in their 
frequency. Conservation of energy gives:

E1 = E2 - equal energy

𝑑𝜆1 = 𝑑𝜆2 - same wavelength interval

Using definition of solid angle, if dA1 is separated from dA2 by distance r:

𝑑𝜔1 =
𝑑𝐴2
𝑟2

, 𝑑𝜔2 =
𝑑𝐴1
𝑟2

Substitute:

ቑ

𝐼𝜆,1𝑑𝜆1𝑑𝐴1𝑑𝑡 𝑑𝜔1 = 𝐼𝜆,2𝑑𝜆2𝑑𝐴2𝑑𝑡 𝑑𝜔2

𝐼𝜆,1𝑑𝜆1𝑑𝐴1𝑑𝑡
𝑑𝐴2
𝑟2

= 𝐼𝜆,2𝑑𝜆2𝑑𝐴2𝑑𝑡
𝑑𝐴1
𝑟2

𝐸1 = 𝐸2
𝑑𝜆1 = 𝑑𝜆2

𝑰𝝀,𝟏 = 𝑰𝝀,𝟐



Specific Intensity (3)
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 Thus, specific intensity I is independent of distance from the source, it 
remains the same as radiation propagates through free space.

 Justifies use of alternative term ‘brightness’ - e.g. brightness of the disk of 
a star remains same no matter the distance - flux goes down but this is 
compensated by the light coming from a smaller area.

 If we measure the distance along a ray by variable s, then we can express 
result equivalently in differential form:

𝑑𝐼
𝑑𝑠

= 0

 Specific intensity can only be measured directly if we resolve the 
radiating surface (e.g. Sun, nebulae, planets). 



Interaction radiation – matter
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Energy can be removed from, or delivered to, the 
radiation field. Classification by physical processes:

True absorption: photon is destroyed, energy is transferred 
into kinetic energy of gas; photon is thermalized

True emission: photon is generated, extracts kinetic energy 
from the gas

Scattering: photon interacts with a scatterer

→ direction changed; energy slightly changed

→ no energy exchange with gas
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Examples: true absorption and emission

• photoionization (bound-free) excess energy is 
transferred into kinetic energy of the released 
electron → effect on local temperature

• photoexcitation (bound-bound) followed by electron 
collisional de-excitation; excitation energy is 
transferred to the electron → effect on local 
temperature 

• photoexcitation (bound-bound) followed by 
collisional ionization

• reverse processes are examples for true emission

13
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Examples: scattering processes

 2-level atom absorbs photon with 
frequency 1, re-emits photon with 
frequency 2; frequencies not exactly 
equal, because

 levels a and b have non-vanishing energy width

 Doppler effect because atom moves

 Scattering of photons by free electrons: 
Compton- or Thomson scattering, (inelastic or 
elastic) collision of a photon with a free electron

14



Absorption coefficient (1)
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 Consider radiation shining through a medium

 The intensity of light is found experimentally to decrease by an amount 
dI where

𝑑𝐼𝜆 = −𝜅𝜆𝜌𝐼𝜆𝑑𝑠

Here 𝜅𝜆 is the so-called mass absorption coefficient (alias opacity) 
[cm2 g-1],  is the density (in mass per unit volume), and ds is a length. 

It can also be represented as 𝛼𝜆 = 𝜅𝜆𝜌, where 𝛼𝜆 is the absorption 
coefficient [cm-1]. 



Absorption coefficient (2)
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Number density of absorbers (particles per unit volume) = n
Each absorber has cross-sectional area = σ (units cm2)

If a light beam travels through ds, total area of absorbers is:

number of absorbers  cross-section = n dA ds  σ

Fraction of radiation absorbed = fraction of area blocked:

𝑑𝐼𝜆
𝐼𝜆

= −
𝑛𝑑𝐴𝑑𝑠𝜎𝜆

𝑑𝐴
= 𝑛𝜎𝜆𝑑𝑠

𝑑𝐼𝜆 = −𝑛𝜎𝜆𝐼𝜆𝑑𝑠 = −𝛼𝜆𝐼𝜆𝑑𝑠

Thus, 𝛼𝜆 = 𝜅𝜆𝜌 = 𝑛𝜎𝜆, where 𝛼𝜆 is the absorption coefficient [cm-1]. 
The photon mean free path is inversely proportional to 𝛼𝜆.



Example: Thomson scattering
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A free electron has a cross section to radiation given by the Thomson 
value:

σ=6.710-25 cm2

…independent of frequency. The opacity is therefore:

𝜅𝜆 =
𝑛

𝜌
𝜎𝜆 = 𝑁𝐴𝜎𝜆 = 0.4 cm2g−1

(note: we should distinguish between absorption and scattering, but don’t 
need to worry about that here…)

Avogadro 
constant

If the gas is pure hydrogen
(protons and electrons only)



Optical Depth

 Two physical processes contribute to the opacity λ (note that subscript 
λ just means that absorption is photon-wavelength dependent); 

(i) true absorption where the photon is destroyed and the energy thermalized; 

(ii) scattering where the photon is shifted in direction and removed from the solid 
angle under consideration.

𝐼𝜆 = 𝐶𝑒− 0
𝑠
𝜅𝜆𝜌𝑑𝑠 = 𝐶𝑒−𝜏λ

𝑑𝐼𝜆 = −𝜅𝜆𝜌𝐼𝜆𝑑𝑠 ln 𝐼𝜆 = 0−
𝑠
𝜅𝜆𝜌𝑑𝑠 + ln 𝐶

the usual simple extinction lawIf s=0, then C=𝐼𝜆
0 = 𝐼𝜆

0𝑒−𝜏λ

𝝉𝝀 = න
𝟎

𝑺

𝜿𝝀𝝆𝒅𝒔 the “optical depth”

18



Importance of optical depth

 We can write the change in specific intensity over a path length as 

This is a “passive” situation where no emission occurs and is the simplest 
example of the radiative transfer equation.

 An optical depth of =0 corresponds to no reduction in intensity
(i.e. the top of photosphere for a star).

 An optical depth of =1 corresponds to a reduction in intensity by a factor 
of e=2.7. 

 If the optical depth is large ( >>1) negligible intensity reaches the 
observer.

 In stellar atmospheres, typical photons originate from =2/3 
(the proof will follow later on).

𝑑𝐼𝜆 = −𝐼𝜆𝑑𝜏𝜆

19



Emission coefficient and Source function

 We can also treat emission processes in the same way as absorption via 
a (volume) emission coefficient  [erg/s/cm3/str/Å] , 
or a (mass) emission coefficient j [erg/s/g/str/Å]

𝑑𝐼𝜆 = 𝑑𝑠 = 𝑗𝜆𝜌𝑑𝑠

 Physical processes contributing to  , are

(i) real emission – the creation of photons; 

(ii) scattering of photons into a given direction from other directions.

 The ratio of emission to absorption coefficients is called the Source 
function

𝑆𝜆 = 𝑗𝜆/𝜅𝜆

20



Radiative transfer equation (1)
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 The primary mode of energy transport through the surface layers of a 
star is by radiation.

 The radiative transfer equation describes how the physical properties of 
the material are coupled to the spectrum we ultimately measure.

 Recall, energy can be removed from (true absorption or scattered), or 
delivered to (true emission or scattered) a ray of radiation:

 The rate of change of (specific) intensity is:

𝑑𝐼𝜆 = −𝜅𝜆𝜌𝐼𝜆𝑑𝑠 + 𝑗𝜆𝜌𝑑𝑠



Radiative transfer equation (2)
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 We can re-write this equation in terms of the optical depth 𝜏𝜆 and the 
source function 𝑆𝜆

 This is the (parallel-ray) equation of radiative transfer (RTE). 
It will need a small modification before it is applicable to stars, but we 
can already gain some insight from its solution.

 If S<I, the intensity will decrease with increasing 𝜏𝜆, it will stay 
constant if S=I and increase if S>I. When 𝜏𝜆→∞, I→ S

𝑑𝐼𝜆 = −𝜅𝜆𝜌𝐼𝜆𝑑𝑠 + 𝑗𝜆𝜌𝑑𝑠

𝑑𝐼𝜆/𝑑𝜏𝜆 = −𝐼𝜆 + 𝑆𝜆

𝑑𝜏𝜆 = 𝜅𝜆𝜌𝑑𝑠
𝑆𝜆 = 𝑗𝜆/𝜅𝜆

Thermodynamic Equilibrium (TE)



Imagine a box which is completely closed 
except for a small hole. Any light entering the 
box will have a very small likely hood of 
escaping & will eventually be absorbed by the 
gas or walls. For constant temperature walls, 
this is in thermodynamic equilibrium.

If this box is heated the walls will emit 
photons, filling the inside with radiation. A 
small fraction of the radiation will leak out of 
the hole, but so little that the gas within it 
remains in equilibrium. The emitted 
radiation is that of a black-body.

The black body intensity is defined (following discovery by Max Planck in 1900) as either

𝐵𝜆 𝑇 =
2ℎ𝑐2

𝜆5
1

𝑒
ℎ𝑐
𝜆𝑘𝑇 − 1

or 𝐵𝜈(𝑇) =
2ℎ𝜈3

𝑐2
1

𝑒ℎ𝜈/𝑘𝑇 − 1

where c=2.99x1010 cm, h=6.57x20-27 erg s, k=1.38x10-16 erg/s. 

The Black Body

23
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Physical interpretation of  𝑆𝜆
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 If S<I, the intensity will decrease with increasing 𝜏𝜆
 The intensity will increase if S>I
 It will stay constant if S=I

 Thermodynamic Equilibrium (TE)  → nothing changes with time

 A beam of light passing through such a gas volume will not change either

𝑑𝐼𝜆/𝑑𝜏𝜆 = −𝐼𝜆 + 𝑆𝜆

𝑆𝜆 = 𝐼𝜆 = 𝐵𝜆𝑑𝐼𝜆/𝑑𝜏𝜆 = 0
in TE, the source 
function equals 
the Planck function

The law of Kirchhoff𝜅𝜆𝐵𝜆 = 𝑗𝜆 𝛼𝜆𝐵𝜆 = 𝜀𝜆or


