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The angular momentum is transferred outwards through the disk by viscous
torques.
The outer parts of the ring will gain angular momentum and will spiral
outwards.
The original ring of matter at R = Rcirc will spread to both smaller and
larger radii by this process, to form an accretion disk.

To see it in detail, let’s write the conservation equations for the mass and
angular momentum transport in the disk due to radial drift motion.
Again, let’s consider a ring located between 𝑅 and (𝑅 + ⅆ𝑅). Its mass is
Δm=2πRΔRΣ, and the angular momentum 2πRΔRΣ R2Ω, where Σ = ρΗ is the
surface density.
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Then, for the mass of the annulus,
𝜕(2𝜋𝑅𝛥𝑅𝛴)
𝜕𝑡
= 𝑉𝑅 𝑅, 𝑡 2𝜋𝑅𝛴 𝑅, 𝑡 − 𝑉𝑅 𝑅 + 𝛥𝑅, 𝑡 2𝜋 𝑅 + 𝛥𝑅 𝛴 𝑅 + 𝛥𝑅, 𝑡
𝜕(𝑅𝛴𝑉𝑅 )
≈ −2𝜋𝛥𝑅
𝜕𝑅



In the limit ΔR→0, we get the mass conservation equation (the continuity
equation)
𝜕(𝛴) 𝜕(𝑅𝛴𝑉𝑅 )
𝑅
+
=0
𝜕𝑡
𝜕𝑅
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The conservation equation of angular momentum is
𝜕
2𝜋𝑅𝛥𝑅𝛴𝑅2 Ω =
𝜕𝑡
= 𝑉𝑅 𝑅, 𝑡 2𝜋𝑅𝛴 𝑅, 𝑡 𝑅2 Ω(𝑅)
− 𝑉𝑅 𝑅 + 𝛥𝑅, 𝑡 2𝜋 𝑅 + 𝛥𝑅 𝛴 𝑅 + 𝛥𝑅, 𝑡 (𝑅 + 𝛥𝑅)2 Ω 𝑅 + 𝛥𝑅
+ 𝑄 𝑅 + 𝛥𝑅 − 𝑄(𝑅)
𝜕
𝜕(𝑄)
≈ −2𝜋𝛥𝑅
𝑅𝛴𝑉𝑅 𝑅2 Ω +
𝛥𝑅
𝜕𝑅
𝜕𝑅
where 𝑄 𝑅, 𝑡 = 2πνΣ𝑅3



𝑑Ω
𝑑𝑅

is the viscous torque exerted by the outer ring

In the limit ΔR→0, we get the angular momentum conservation equation:
𝜕
𝜕
1 𝜕(𝑄)
2
2
𝑅 (𝛴𝑅 Ω) +
(𝑅𝛴𝑉𝑅 𝑅 Ω) =
𝜕𝑡
𝜕𝑅
2𝜋 𝜕𝑅
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𝜕(𝛴) 𝜕(𝑅𝛴𝑉𝑅 )
+
=0
𝜕𝑡
𝜕𝑅
𝜕
𝜕
1 𝜕(𝑄)
𝑅 (𝛴𝑅 2 Ω) +
(𝑅𝛴𝑉𝑅 𝑅 2 Ω) =
𝜕𝑡
𝜕𝑅
2𝜋 𝜕𝑅
𝑅



If we assume that Ω does not vary significantly with time (a valid
approximation), then we can combine our mass conservation and angular
momentum conservation equations to yield the following expression:
𝜕
1 𝜕(𝑄)
2
𝑅𝛴𝑉𝑅
𝑅 Ω =
𝜕𝑅
2𝜋 𝜕𝑅



Combining it with the mass conservation equation, we get
−1
𝜕𝛴
1 𝜕
𝜕
𝜕(𝑄)
2
𝑅
=−
(𝑅 Ω)
𝜕𝑡
2𝜋 𝜕𝑅 𝜕𝑅
𝜕𝑅
Interacting Binary Stars

AD: Surface Density Evolution (5)
121


Only now we assume that Ω is Keplerian, Ω𝐾 =

𝐺𝑀/𝑅 3 . Then it follows that

ⅆΩ
3Ω
=−
ⅆ𝑅
2𝑅
ⅆΩ
𝑄 = 2πνΣ𝑅 3
= −3πνΣ𝑅 2 Ω
ⅆ𝑅
𝜕𝑄
𝜕
= −3π𝑅 3/2 Ω
(νΣ𝑅1/2 )
𝜕𝑅
𝜕𝑅


We can therefore write the time evolution of the disk surface density as
𝜕𝛴 3 𝜕
𝜕
=
𝑅1/2 (νΣ𝑅1/2 )
𝜕𝑡 𝑅 𝜕𝑅
𝜕𝑅
(a nonlinear diffusion equation for Σ, because ν may be a function of local
variables in the disk)
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The radial velocity follows straightforwardly from the equation of mass
conservation:
3 𝜕
ν
𝑉𝑅 = − 1/2
(νΣ𝑅1/2 )~
𝑅
𝑅 Σ 𝜕𝑅
Finally, the mass flux through the disk at a radius R is simply
𝜕
𝑀 𝑅 = 2𝜋𝑅𝛴 𝑉𝑅 = 6𝜋𝑅1/2
(νΣ𝑅1/2 )
𝜕𝑅
Comparing our expression for the mass flux with that for the evolution of the surface
density, we see that
𝜕Σ
1 𝜕𝑀
𝜕𝛴 3 𝜕
𝜕
1/2
1/2
=
=
𝑅
(νΣ𝑅 )
𝜕𝑡 𝑅 𝜕𝑅
𝜕𝑅
𝜕𝑡 2𝜋𝑅 𝜕𝑅

We therefore see that if our accretion disk is in a steady state, with 𝜕𝛴/𝜕𝑡 = 0 , then
the mass flux through the disk is the same at all radii.
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As an example, the figure shows the spreading of a ring of matter with a Keplerian
orbit at R = R0, under the action of viscous torques. The viscosity is assumed to be
constant. The typical timescale of the ring’s spreading is
𝑡𝑣𝑖𝑠𝑐 ~𝑅/𝑉𝑅 ~𝑅2 /ν

Near the outer edge of the disk Rout > Rcirc, some other process must finally remove
this angular momentum, and it is likely that angular momentum is fed back into the
binary orbit through tides exerted by the secondary.
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It is common to assume that there is no motion in the z-direction, that the gas
in the disk is in hydrostatic equilibrium in the vertical direction. This is a
reasonable assumption if the timescale to come to equilibrium – typically,
the dynamical timescale of the gas – is much shorter than the time that it
takes for gas to flow through the disk and onto the central object.



The hydrostatic equilibrium equation is



For a thin disk (z≪R) this becomes
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We can relate P and ρ via the sound speed in the gas dP=cs2 dρ, and then
integrate to ﬁnd that the density in the disk falls off exponentially with
height

with a height scale factor given by


≅

𝑐𝑆2 𝑅 3
𝐺𝑀

The scale height can be re-written in terms of the rotational velocity:
𝑉𝑟𝑜𝑡 =



ℎ2

𝐺𝑀
𝑅

2 2
𝑐
𝑅
𝑆
ℎ2 ≅ 2
𝑉𝑟𝑜𝑡

If we have R ≫ h we must have 𝑽𝟐𝒓𝒐𝒕 ≫ 𝒄𝟐𝑺 and so the rotation of the disk is
highly supersonic.
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Lets re-write the scale height again:
2 2
𝑐
𝑅
𝑆
ℎ2 ≅ 2
𝑉𝑟𝑜𝑡





ℎ
𝑐𝑆
≅
𝑅 𝑉𝑟𝑜𝑡

Therefore, provided that the disk is cold, and that its rotation is supersonic,
our assumption that it is thin is well-justified, since in this case we will have
ℎ ≪ 𝑅.
Note also that for a disk in Keplerian rotation, Ω = 𝑉𝑟𝑜𝑡 /𝑅, and so
𝑐𝑆 = ℎΩ.
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127






For disks that approach RL1 in radius
the outer parts will be significantly
distorted by the gravitational influence
of the secondary star. Tidal interaction
with the secondary keeps the disk from
overflowing the Roche lobe.
The maximum size of the accretion disk
can be found as a largest simple
periodic orbit in the restricted threebody problem that does not intersect
any other orbit.
At larger radii intersecting orbits, which
are equivalent to tidal shear, will
produce dissipation and prevent the
disk from growing any larger.



A different formalism was adopted by
Papaloizou & Pringle (1977), with
similar results.
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Warner (1995) approximated the tabulated values of rmax calculated by Paczynski (1977):

𝑟ⅆ (𝑚𝑎𝑥)
0.60
=
𝑎
1+𝑞


1% accuracy over the range 0.1<q<0.4

Neustroev & Zharikov (2020):

𝑟ⅆ (𝑚𝑎𝑥)
= 0.353 + 0.271𝑒 −3.045∙𝑞
𝑎

1% accuracy over the range 0.03<q<0.7
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It is commonly accepted that the actual radius of a disk is the result of
competition between disk viscosity, effects of the mass transfer stream
(which adds matter of low specific angular momentum to the outer edge of
the disk) and tidal dissipation.
Until recently, there was general consensus that variations in the outer disk
radius play an important role in understanding the structure and evolution
of accretion disks. These variations are predicted by various models of discs
(see e.g. Smak 1984; Lasota 2001; Hameury & Lasota 2005).
However, more and more evidence appear in favor of the idea that the
disk radius in cataclysmic variables during many years of observations
remains consistently large, close to rmax (see, e.g., Neustroev & Zharikov,
2020, A&A, 642, A100).
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The required Keplerian angular velocity ΩK cannot be
maintained at the inner edge of the disk if it is to join smoothly
to a non-magnetic accreting star spinning at below the breakup velocity ΩK(R).
The region over which gas moving at Keplerian velocities in the
disk is decelerated to match the star angular velocity ω* is
called the boundary layer (BL).
If the star spins more slowly than the break-up value, the BL
must release a large amount of energy as the accreting matter
comes to rest at the stellar surface. Some of this is used to spin
up the star, but there remains an amount to be dissipated.
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From conservation of energy and angular momentum it can be
shown (Kley 1991) that the energy released in the BL is
𝐺𝑀∗ 𝑀
𝜔∗ 2
𝜔∗ 2
𝐿𝐵𝐿 =
1−
= 𝐿𝑑 1 −
2𝑅
Ω𝐾
Ω𝐾

where Ld is the total accretion disk luminosity.


For ω*≪ΩK this is one-half of the total accretion luminosity.
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Where the luminosity of the
BL appears in the spectrum
depends on its optical
thickness.
The bulk of the radiation
from an optically thick BL
should be emitted in the
soft X-ray and EUV regions.
An optically thin BL should
radiate in hard X-rays, with
energies ~ 20 keV.
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