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Spectral line formation

SCATTERING IN LINES
TRANSFER EQUATION INCLUDING LINES
THE MILNE-EDDINGTON MODEL
RESIDUAL FLUX OF THE LINE
ABSORPTION AND SCATTERING LINES
SCHUSTER MECHANISM FOR LINE EMISSION




Recap from last lecture

Simple line transfer:

The total absorption coefficient within an arbitrary line is the sum of the line (&)
and continuum (o) contributionsi.e. o, = ¢+, as is the total emission coefficient
(e,= g t+¢&:). Hence,

S=(gt+e) /(o +ac)
and
dr,=-(oq+a.) dz = 1+ 7.

dl, (6)

7,

So we can write the transfer equation as usual: cosé =1,(0)-S,

The surface specific intensity 1,(0,0) = jooo S,(r,)e " *’secodr,
and surface flux, 1
are obtained as previously. F.(0)=2x _[0 1,(0,0) 1du u=cos 0

Again we need to know 5(7) to evaluate these integrals.




Scattering in lines

e Special case: —_— b
Coherent scattering: v, = v,
e Common case:
2-level atom absorbs photon with a
frequency v,, re-emits photon with
frequency v,; frequencies not exactly
equal, because
o levels a and b have non-vanishing energy width
o Doppler effect because atom moves

» Non-coherent scattering requires
a redistribution function

V1 Vo




Transfer Equation including lines

Classical approach:

absorption of photons by line has two parts

1. (1-€) of absorbed photons are scattered
(e- returns to original state)

2. (of absorbed photons are destroyed
(into thermal energy of gas)
(for LTE: { =1)

Resonance lines Subordinate

(to/from the [ f lines (to/from
ground level) i 7 higher levels)

i I/
A photon 122 A photon 324
returns backto . | disappears,
the radiation field,” | l
thus dominates thus dominates
Scattering 1 | True absorption




Scattering

* Pure Absorption and Thermal Emission:
€
S(t) = p LTE: €;, = a;;, B(7)

e Pure Scattering:
For the case of pure scattering, the associated emission becomes completely
insensitive to the thermal properties of the gas, and instead depends only on the
local radiation field. If the scattering is roughly isotropic, the scattering emissivity
€. in any direction depends on both the opacity and the angle-averaged mean-
intensity e=x, p J=a,./
This implies then that, for pure-scattering,

S =J(@)

e Source Function for Scattering and Absorption:
The total opacity consists of both scattering and absorption, o= o, .+ o,
The total emissivity likewise contains both thermal and scattering components

€= €y, t€,.= oy, B+a,. /. The general source function
absorption fraction (=

S(t)=¢B+(1-J()

aabs

aabs+ asc




The Milne-Eddington model

Consider a case where at the given frequency the total opacity is a combination
of both continuum and line processes:

: .. : scattering in the continuum
Total absorption coefficientis a,= a$ + av +a< 8

a, X qb,,z line opacity X line profile

The total optical depth is dr, = —(a$ + ak + o) ds

(larger than in the continuum!)

The correponding emissivities €, = €5 + €5 + o],

| Recallradiative | Ay I

dl,(u)
gz =IL,(n 1) = S5y (T) ! | transfer equation |”E =—ayly t €




The Milne-Eddington model

Transfer equation: €= €yt _Ef»s_:__O_‘Eh_ﬁf_Ofs_c_/__i
-absorbed +thermal +scattered
dl, C L \ C ‘ L L
oo = —(as +a; +0), +€; +0],+layB, + (1 —Daj),

t

+therm. line em. +scat. line emission (coherent)

Without dealing with the general case for the computation of all
coefficients we assume:

* LTE in the continuum el = alB,(T)

e scattering negligible in the continuum o < af




The Milne-Eddington model
________ dl,
Hg_—(“v + a1, + a$B, + {alB, + (1 — \)alj,
L
Using f, = % dr, = —(al + al)ds = —al (1 + B,) ds
dIv 1+ (.Bv (1 _ C).Bv
Ay - - =1,—1,B,—(1—21
'udTv I, — B, 1+ 8, 1+ 8, Jv=5L —A4B, = ( v) Iy
: - _ 1+{By
destruction probability — A, = 5,
dr, Milne-Eddington Equation.
u—-=1, — /1va — (1 — /11/) Iy Solve at each frequency point
dTv across profile.




The Milne-Eddington model

4By (A -A) )y

dlv
drv

Milne-Eddington assumptions (for analytical solution):
1. B, A, and Jare constant with depth

Z. B, islinear in continuum optical depth: B,=a+ bz,

dr, T,

d{::
Te=113, 1+ 3,

Also, the Eddington approximation K, (z,)= 1 J (7))




Lecture 3

()

Recap: Eddington approximation

Lecture 5

Eddington approximation (1)

K-integral and radiation pressure
e
¢ K-integralis related to the radiation pressure: ,’ K = 1 jg Lycos? @ dw\\
\ 4n ,
. e
» Aphotonhasmomentum p; = E;/c RS S
¢ Consider photons transferring momentum to a solid wall. Force:
F= dpﬂ.J_ _ 1 dEJ_ 9
~Tdt cadt >
p dP F  1dE;cos? 11 29 dedil
. . R S —
ressure: VST T do s oS 1)
\ o .
A cos@dAdodwdt
1 4
P(A) = - %IA cos?9 dw = — K
4T

» Previouslywe have seen that for the determination of the flux the anisotropy in the
radiation field is very important because in the flux integral the inward-going
intensities are subtracted from the outward-going ones, due to the factor cos &.

+ But for K a small anisotropy is unimportant because the intensities are multiplied
by the factor cos?@, which does not change sign for inward and outward radiation.

+ In order to evaluate K or c, we can approximate the radiation field by an isotropic
radiation field of the mean intensity / /= J(by definition). From the definition of
K, we obtain

4
in Ky = fl;l(fbg) cos_2 0 dw :_];L(‘r,-l)§1:052 fdw = ?11:]1(1_‘1)
- ~
~

or after division by 47, » N
1 1 \
\ K(z,)==J,(7;) /5

& 3

-
~
~—_—"

This approximation for the K function is known as
the Eddington approximation




Recap: Moments of intensity

e The mean intensity J, is the directional average (over 4 steradians) of the
specific intensity [0-th moment of intensity]

1

1
o = = $ldo = j G = j 1)

~-1
e Eddington flux H, isthe dlrectlonal average (over 4r steradians) of the

projection of the specific intensity [1st moment of intensity]:
1

1

1 1
H =~ Iacosedw=—jl(u)udu—gjl(u)udu

-1

e K-integral [2nd moment of 1nten51ty] ;
1 1

f I(wpdu

-1

K—lfl 20 d —2”11 2 = =
2 =g Phcos®Odo =— [ I(w) u* dp ==




The Milne-Eddington model

1 [(*! dlv |
, f_l i gt =l =B = (=2 )y | %3 j_l [
Multiply both sides by d/zand x dzz and integrate:
dH,
drt =L 4B, -A-A4), =40, —B))
%
dK = H 1 d]v F, - astrophysical flux
dr, Y 3dr, H, - Eddington flux
F=nF,=4nH,
Differentiate agam \ \
. Jv Eddlngton
dTv =40y —B) = § dTV approx1mat10n




The Milne-Eddington model

1d%]
3 dTg =Mh0y—By)
- . ... _d*?B,
B, is linear in T, so zero second derivative 2 = 0
/ v
1 dzjv 1 dz(]v o v)
-3 =AUy —By)

3di2 3 dr?

\ J
)\ {

This can be integrated to give
Jy — B, = Ae V3T 4 BeV3tvTv

Apply boundary condition at depth:
T, = J,->B, = B=0




The Milne-Eddington model

N\ r

J,—B, = A | | | ' | | LeCture'
Eddmgton apprommatlon (3) |

- . Boundary cendltlon there 1sno- ﬂux gmng into the star
ie./(0,0)=r=0 fornf2<0<7t

+ We also assume that the eutwardlnten51tyd0esn0t dependupon o, D
From gre- - e J’(O 6') I’f = const for 0<9<7t/2 | : l

. —— glves J(O) - ——I+ =—2—F(0) il
TR D A S(r)%%ﬁ(ﬁ)+C=J(r) T
'HEHCEC—}(O)F{O)/‘ZTESO T /_
' / | 1| i

. To ﬁnd the depth dependence of T, we also need to assume LTE

- g(t)isa slowly varying
function (Hopf function),

] withq = 1/ at =0




The Milne-Eddington model

]v = Bv = Ae™V 3Ty + Mv

Now apply boundary condition at at surface:
7, =0 = J, =B, +«A

From grey atmosphere solution (Lecture 5), get S T_O)

... Insertmg the Eddmgton appm}nmatmn mtu the ahove. eqll atmﬁ
wefind : dr 7

KO 1df(r) F(f) ‘”(T) ] F(r)

K@) _F@




The Milne-Eddington model

]v = Bv = Ae™V 3Ty + Mv

(r)]F (0) = 3H (0+%) = +/3H

(0)= TJ (0)




The Milne-Eddington model

Jy = B, + Ae V3MWW = g + b, + Ae V3N

1 dj, 1 [ ]
— Y =—|-A32, + = atA
V3drt, o= V3 Y1 By
can now solve for A! \\ 7‘
A = 1+ﬁv_\/_a T 1T 8,
V3 +./31,
Define p, = 1fﬁ
v ,J_a
—,/3/1 T
Jy(t)=a+p,T v
'V( ) p‘V V \/—_I_m




The Milne-Eddington model

Thus, we obtained the fully analytic solution for the mean intensity

\/_ 3a Thermalization
= —V3hTy depth
h(1) \a‘l'vav V_+me \Tv:1
B, Vi
]V - BV
.’V < BV
in outer parts of
We can use this to obtain the emergent flux atmosphere

1 _a , —V3a _pytav3l,
H"(O)_\/_§]"(O)_\/§+3(1+\//Tv)_3(1+m




Residual flux of the line

al Ty

_ pv _|_ a‘/B/‘{v Bv—a+brc 'Bv_ag Tc 1—|—ﬁy
HV(O) — 1 \/r b 1

3(1+VA) ) | _1+h

1+ 5, v 1+p,

Residual flux (relative intensity)
H,(0)

K
VT E T H.(0)

for continuum A: S, =0 = p,=b A, =1
1(b + aV3)
H.(0) = g 5

. py + a/ 34,
—) - 1+ A4 (b + av3)
I




Non-negligible scattering in continuum

ak Tv

p, +a /_3/'{1/ B=a+bt, 'Ban_S Te= 1+ 3,
HV(O) — b
3(1++/2,) b = _C+ B,
"Tith METTR,
for continuum A#: S, =0 = p,=b A, =" ]

without proof

(b + a/3(%)

HC(O) —
3(1+/79)

(P34 14./2¢
v b+ay37¢ ) \1+/2,




Various special cases

ay

o p, +a /3/11/ B,=a+br, 'BanS Te = 77,
Y@+ Y1)+ av3) _ b 1448,
V=17, ME 1+8,

This general result contains interesting behaviours in various special cases:
a) case{ =1 (LTE: pure absorption lines)

b) case { =0 (extreme non-LTE: pure scattering lines)

c) Schuster Mechanism: Line Emission from Continuum Scattering Layer
p, +a/31,\(1+ ¢
'r -
"\ b+a3¢¢ J\1+/2,




Pure absorption lines (LTE)
ak Tv

p, + a /3/11/ B=a+bt, an_f Tec= 1+ﬁu

(1+/2,)(b + aV3) __b 1t

1+5,

T, = 2

a) pure absorptioninline: { =1 ,
_1+4B, _ pv+a\/§_1+gv+a\/§

=1 =1 W) T i bials
. y . av3 a By(v=0)
: 'r' — — —
or strong lines: 5, > " bt av3 b/N3+a B, (5, =1/V3)
For grey atmosphere, strongest lines:

3 2 Non-zero
S:(7;) = Ar Sz ,_; §) F.(0) because we see
a/b=2/3 <> r~0.54 B, atupper level
Thus, in LTE, the residual flux is non-zero even for strong with non-zero
absorption lines. However, resonance lines such as Na D temperature

have R~103-10*




Pure scattering lines (extreme NLTE)
al Ty

, p, + a /3/11/ B=a+bt, an_S Tec= 1+}3v
Y., =
T A+ )0+ av3) pv51+bﬁ L 1t
v v 14+ 56,
b) pure scattering in line: { = 0 b__ .. / 3
_1+¢8 1 y =2 1+ 5y 1+ B,
LHh 1+ h (1+ —1+1'3)(b+a\/§)

Scattering removes all photons
- no photon emerges from
surface. Core of strong
scattering lines are dark!




The residual flux Rx vs frequency x

Ry a,=1073 Ry

10°

fo=10




Line emission from continuum scattering layer

L Tu

a,
BV=3+bTC :BV = _C Te =
V

(pv +a BAV) (1 + w/{C) L+ B
r, = b Cy 7L
/ C / y = — ( + ( :31/
c) pure scattering in continuum:{¢= 0 1 a
(C + (L,Bv (L,Bv — 1+ ﬁ + b 3)'1’
/11, = = = v
146, 145, Tv 1+ 7,
1
If the line opacity is also pure scattering, {*=0,then 1, =0 7, = 1+ 5 <1
%
] 3ai always in
But for {¥!=1 and for stronglines 5, » 1 in, — | absorption
|

For a weak temperature gradient with
small b/a, can exceed unity, implying a net
line emission instead of absorption.




Line profiles for Schuster model

Scattering makes the continuum source function low near the surface, 5.(0) - /.(0)<5(0),
which implies a weak continuum flux. The line can potentially be brighter, but only if the
decline from the negative temperature gradient term is not too steep.




We obtained Transfer Equation including lines and
taking into account Scattering in lines.

We solved it using the Milne-Eddington model.
We then obtained Residual flux of the line.

Finally, we discussed interesting special cases such
as pure absorption and pure scattering lines.

We also tried to explain emission lines applying
Schuster mechanism for line emission.



Standard diagnostic tool for the determination of
metal abundances in cool stars.

We will apply a simple model which allows
equivalent widths to be calculated analytically.



