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Summary from the last lecture 

 
 Opacity depends strongly on wavelengths  the 

atmosphere is NOT grey. 
 Nongreyness changes the temperature structure. 
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R O S S E L A N D  M E A N  O P A C I T Y  

R O S S E L A N D  D E P T H  

 

More about mean opacity 



The mean absorption coefficient  
4 

 The grey approximation (α=const) is very coarse, but can still be useful. 
Is there a sensible mean value 𝛼  to use? What choice to make for a 
mean value?  

 We demand flux conservation and hope to keeps the temperature 
structure. 

 

 From the third radiative equilibrium condition:  
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Rosseland mean opacity 
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Definition of 
Rosseland mean 
opacity  

The Rosseland mean 1/αR is a weighted (harmonic) mean of opacity, for which 
there is a corresponding optical depth (Rosseland depth): 
 
 
We hoped for the temperature structure: 
 
 
The grey approximation is very good for Ross≫1.  
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H Y D R O S T A T I C  E Q U I L I B R I U M  
G A S  P R E S S U R E  

E L E C T R O N  P R E S S U R E  
R A D I A T I O N  P R E S S U R E  

E D D I N G T O N  L I M I T  
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Towards the  
Model Photosphere 



Model atmospheres (example) 
7 

Usual assumptions to start with: 
 
1. Plane parallel geometry, making all 
physical variables a function of only one 
space coordinate. 
2. Hydrostatic equilibrium, meaning that 
the photosphere is not undergoing 
largescale accelerations comparable to the 
surface gravity; there is no dynamically 
significant mass loss. 
3. Structures such as granulation or 
starspots are negligible, or at least can be 
adequately represented by mean values of 
the physical parameters. 
4. Magnetic fields are excluded. 



Ideal gas 
8 

We require a knowledge of the  
electron pressure in order to use the 
Saha equation, which is related to the  
gas pressure. How do we calculate this  
in stellar atmospheres?   

We start with hydrostatic equilibrium. 

 

Forces acting upon the volume element 
of density (r) are gravity: 

 

 

plus buoyancy (pressure difference  
area): 

 

Since the mass of the atmosphere is 
negligible compared to the stellar mass 
and the radius of the photosphere is 
negligible vs the stellar radius R, 
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Hydrostatic equilibrium 
9 

The Earth’s atmosphere is neither lost to space nor pulled to the surface of 
the Earth via a balance between gravity (dFg=-g dA dr) and gas pressure 
(dFp=-dP dA) i.e. hydrostatic equilibrium which is the balance between 
gravitational and pressure forces  (dFg+dFp=0). If the gas pressure is Pg the 
differential form of the hydrostatic equilibrium equation for an ideal gas is 
then 

 

 

We can eliminate  (r) with the ideal gas equation, Pg =  kT /μmH 

 

 

having introduced the gas constant Rg=k/mH=8.3x107 erg/mol/K 

                                                                     μ - mean molecular weight 
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Pressure Scale Height 
10 

We obtain 

 

For an idealized isothermal (T(r)=constant) atmosphere with (r)=const, 
we can integrate this expression   

 

 

 where we have introduced the scale height H, 

 

i.e. gas pressure changes by a factor of e over a scale height. 

 

For a (ficticious) atmosphere of constant density, corresponding to the gas 
pressure at the base of the real atmosphere, we can put the total mass of the 
real atmosphere into a layer of height H. 
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Examples 
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Betelgeuse =1 (H) T=3600K Log g=0 H=3R
 

Sun =1 (H) T=6000K Log g=4.4 H=180 km 

Earth =28 (N2) T=300K Log g=3 H=9 km 

White Dwarf =0.5 

(H++Ne) 

T=1.5x104 K Log g=8 H=0.25 km 

Neutron Star =0.5 

(H++Ne) 

T=106 – 107 K Log g=15 H=1.7mm 



Gas Pressure Pg() 
12 

When using the Saha equation, we need T and Pg in a particular layer of the 
atmosphere, which can be described by geometric depth t  or optical depth . 
Temperature dependence on average optical depth is known 

 
                                                                                                    (from Lecture 5). 

 
The average optical depth 𝑑𝜏 = −𝜅𝑅𝜌 𝑑𝑟 may be expressed via the 
Rosseland mean opacity per unit mass (cm2/g), R .

   

Thus we generally express the gas pressure as a function of optical depth. 
From hydrostatic equilibrium we obtain  

𝑑𝑃𝑔

𝑑𝜏 
=

𝑔

𝜅𝑅
 

The gas pressure can now be obtained by integrating this differential 
equation, although in general R, is a complicated function of temperature 
and pressure.  
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Integration of hydrostatic equation 
13 

 In the simplest case, assuming a constant mean opacity (which is not a 
very sensible approximation, but ok for electron scattering), with =0 and 
Pg=0 at the surface: 

𝑃𝑔 =
𝑔

𝜅𝑅
𝜏  

 
 Knowing T() for a given Teff, we can assume a value for R  

insert this into the above equation and compute a value for the gas 
pressure.  

 More realistically, we can approximate the mean opacity with a power-
law expression, 

R = R,0 (Pg  / Pg,0)n 
 

with R,0 the opacity at a reference wavelength, and n=1 usually  
acceptable (especially if H- is responsible for the continuous opacity).  

 



Gravity dependence of Pg 
14 

We can readily integrate this 
expression (P=0 at surface): 

 
 

to give 
 
 

For n=1 
 

 
i.e. the gas pressure for a 
given optical depth increases 
with g1/2  

 

For different stars we see down 
to  =2/3, whose pressure 
varies approximately as g1/2.  
 
The larger the pressure, the 
greater the Rosseland mean 
opacity, so we see geometrically 
higher layers in stars with 
higher gravity.  
 
Giants have deep atmospheres, 
dwarfs thin ones. 



Electron pressure 
15 

So far we have dealt with the gas pressure, but it is the electron pressure that 
is needed in the Saha equation. 

We can generally say,  

Pg=NkT  
where N is the sum of all particles/cm3 , and  

Pe=nekT  

with ne=number of electrons/cm3. Of course,  

ne=n++2n 2+ +3n 3+  etc.  

In the simplest case of pure hydrogen, 

N=N (H)+N (H+)+ne=N (H)+2N (H+)=Pg /kT 
since from charge conservation ne=N (H+).  

 

Given N (H+)ne / N (H)=f  (T )  from Saha equation, we may solve  
for N (H+)=ne and N (H), if T  and Pg are known.  
 

 



Numerical examples 
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In fact, the gas pressure 
exponent is not 1/2, but 
numerical results show it 
ranges from 0.57 to 0.64 
from shallow to deep layers. 
 
 
The electron pressure 
dependence on gravity is 
not so linear, with an 
exponent of 1/3 predicted 
(Pe

2  Pg for solar-type 
stars). Numerical 
calculations show 0.45 to 
0.3 from shallow to deep 
layers    (Gray Fig. 9.13)..  



Role of Metals? 
17 

For a pure H atmosphere in the case of the Solar photosphere, the gas pressure greatly 
exceeds the electron pressure. Although metals are few in number, some are very 
easily ionized e.g. Na/H=2x10-6, Mg/H=3x10-5, Al/H=2.7x10-6, Ca/H=2x10-6, 
Si/H=3x10-5. These will contribute electrons to the atmosphere, increasing Pe and 
suppress ionization. 



To calculate the electron density properly, all low ionization 
energy species and their corresponding abundances should be 
included.  

 

 

 

 

 

 

 
For ionized hydrogen, we find Pe=0.5Pg,  
For doubly ionized helium, Pe=2/3Pg.  

Gas and electron pressures 
18 



Gas and electron pressures 
19 

Teff Log g Log Pg(=2/3) Log Pe(=2/3) 

5500 4 4.83 1.01 

6000 4 4.76 1.34 

8000 4 3.94 2.46 

10000 4 3.03 2.59 

20000 4 3.40 3.09 

40000 4 3.58 3.29 



Summary 
20 

 Hydrostatic equilibrium – Pg changes by a factor of e=2.71 over the scale 
height. 

 Pg(ρ) scales with g 1/2 in Solar-type stars (n=1 approx if H- dominant 
opacity source). Dwarfs have high Pg & high mean opacities (thin 
atmospheres) whilst (super)giants have low Pg  and low mean opacities 
(deep atmospheres). 

 Increased Pe in Solar-type stars from readily ionized metals versus pure H 
case. Ratio of electron to gas pressure is strong function of T. 

 

 
 

Next time we will talk about Radiation pressure and Eddington limit 

 

 


