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Time Domain Analysis: Convolution 

 The convolution h(t) of two functions x(t) and y(t) is 

ℎ 𝑡 = 𝑥 𝑡 ∗ 𝑦(𝑡) ≝  𝑥 𝜏 𝑦(𝑡 − 𝜏) ⅆ𝜏

+∞

−∞

 

Basic properties are  
commutativity:  x  y = y  x 
distributivity over addition:  x  (y+z) = x  y + x z 

 

 Convolution theorem: The Fourier transform of the 
convolution is the product of the individual Fourier 
transforms:    F (x  y) = F (x) · F (y) 

                             F (x · y) = F (x)  F (y)  
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e.g.: x(t) y(t)  X(ν)·Y(ν) 



Time Domain Analysis: Cross-correlation 

 Correlation (Cross-correlation) is a very similar 
operation to convolution. The correlation Corr(x,y) of two 
functions x(t) and y(t) is 

𝐶𝑜𝑟𝑟 𝑥, 𝑦 = (𝑥 ⋆ 𝑦) 𝜏 ≝  𝑥 𝑡 + 𝜏 𝑦(𝑡) ⅆ𝑡

+∞

−∞

 

The correlation is a function of 𝜏, which is called the lag. 

Unlike for convolution,  x ⋆ y  y ⋆ x 

 The cross-correlation theorem: The Fourier transform 
of the cross-correlation of two functions is the product of 
the individual Fourier transforms , where one of them has 
been complex conjugated:         x(t) ⋆ y(t)  X(ν) · Y*(ν)  
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= (𝑥 𝑡 ∗ 𝑦 −𝑡 ) 𝜏  



Time Domain Analysis: Autocorrelation 

 The correlation of a function with itself is called its 
autocorrelation.  

 The related autocorrelation theorem is also known as the 
Wiener-Khinchin theorem and states  

 
x(t) ⋆ x(t)  X(ν) X*(ν) = 𝑋 2 

 

 The Fourier transform of an autocorrelation 
function is the power spectrum, or equivalently,  
the autocorrelation is the inverse Fourier 
transform of the power spectrum.  
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Time Series  DFT  Autocorr.  PSD 

xj  
(function) 

 

 

 
DFT 

 

Xk  
(transform) 

 

 
 
 

 

xj⋆xj  
(autocorrelation) 

 

 

 
DFT 

 

𝑋𝑘
2 

(power spectrum) 
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Time Domain Analysis: Autocorrelation 

 The discrete 
autocorrelation of a 
sampled function x(t) is 
just the discrete correlation 
of the function with itself.  

 Obviously this is always 
symmetric with respect to 
positive and negative lags. 

 

 100 random numbers with 
a "hidden" sine function, 
and an autocorrelation of 
the series on the bottom. 
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Cross Correlation 

 Cross correlation is a standard method of estimating 
the degree to which two series are correlated. 

 Consider two series x(i) and y(i) where i=0,1,2...N-1, 
with mx and my are the means of the corresponding 
series. The discrete cross correlation r at the lag d is 
defined as 
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Example:  two time series x,y. 
The cross correlation with a 
maximum delay of 4000. 

Cross Correlation 

There is a strong correlation at a delay 
of about 40. 
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Cross Spectrum 

 The purpose of cross-spectrum analysis is to uncover 
the correlations between two series at different 
frequencies. 

 Examples:  

 Sun spot activity may be related to weather phenomena on 
Earth 

 Simultaneous observations in different energy ranges 
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Cross Spectrum 

 The coherence is a measure of the correlation between two 
time series, at each frequency. In other word, it can show at 
which frequencies two sets of time series data are coherent 
and at which frequencies they are not.  

 The phase function, which is usually computed with 
coherency function, shows phase difference as a function of 
frequency between two sets of time series data. One note 
about the phase difference is that it is not the same as time 
difference. 

 The gain factor of the frequency response function shows 
the amplitude relationship between two sets of time series 
data as a function of frequency. The gain factor combined with 
coherency function and phase function would give us fairy 
clear picture about the relationships between two sets of time 
series data if they have common variations. 
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2 time series shifted vertically 
for clarity 

Coherency and Phase 
functions, Lag factor and PSD 

Cross Spectrum 
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O-C DIAGRAM 

Time Series Analysis in 
the Time Domain 
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O–C diagram [1] 

 Basic period analysis consists of finding a reliable 
ephemeris of the main periodic variation and modelling 
of the first order effects. 

 The model is usually a linear ephemeris, i.e. a prediction 
of eclipse times that assumes a constant period. 

 O-C diagram is a powerful diagnostic tool, which 
compares the actual timing of an event (e.g. the mid-
point of an eclipse or a pulsation cycle peak ) to the 
moment we expect this event is occurred in a case of 
constant periodicity. 

 O-C stands for O[bserved] minus C[alculated] 
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O–C diagram [2] 

 It might appear that a period is incorrect OR variable. 

 The period variations are usually delicate. By building  
O-C diagrams one can measure very subtle changes in 
the period happening with the star. 

 The horizontal axis of the an O-C diagram most often 
represent time, usually expressed in days or cycles. The 
vertical axis is the "O-C" part which can expressed in 
days or a fraction of the period.  

 Different phenomena, such as a constant but incorrect 
period, period increasing or decreasing at a constant 
rate, or sudden period changes but constant period 
thereafter, have distinct patterns on the O-C diagrams.  
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O–C diagram: constant periods [1] 
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If the period is constant and 

if its value is known, then 

 

Tm=T0+P E 

 

where Tm is the time of 
maximum or minimum 
light, T0 is the zero epoch 
and E is the number of 
cycles elapsed since the zero 
epoch. 

 

 

T0 and P are obtained through a 
least-squares solution. The 
ephemeris calculation yields 
Tmin = 2445157.8072 + 0.201043E 



O–C diagram: constant periods [2] 
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 The ephemeris: Tmin = 2445157.8072 + 0.201043E 

 

 

 

 

 

 

 
 Middle set: based on the period P=0.201043; 

 Lower graph: slightly longer period P=0.201080; 

 Top: using slightly shorter period P=0.201037. 



O–C diagram: constant periods [3] 
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 O-C diagram showing a positive slope indicates that the 
real period is longer than the period used to construct the 
diagram;  

 A negative slope points to a real period that is shorter than 
the assumed one. 



O–C diagram: changing periods 
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 Changes of period could be described by any mathematical 
formula expressing P as a function of time. 

 

 

 

 In most cases this relation is restricted to linear variations, 
cyclic variations, or a combination of both. 



O–C diagram: changes linear with time 
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 If 𝑃  is the average period over the time interval, then  
(show it!) 

 

 

 

 

 



CVs: Superoutbursts and superhumps 

SSS J122221.7-311525 
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Superhump Light Curve O-C diagram 
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Superhumps: GW Lib 



C O N C L U S I O N  

Timing Analysis 
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Timing Analysis 

Time series analysis comprises methods for 
analyzing time series data in order to extract 
meaningful statistics and other characteristics of the 
data. 

 
Some Questions That We’d Like to Answer: 

 
 Does My Source Vary? 
 On What Time Scales Does it Vary? 
 Are the Variations Periodic or Aperiodic? 
 How Do Different Energy Bands Relate to One Another? 
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Timing Analysis 

Some Questions That We’d Like to Answer: 

 

Does My Source Vary? 

On What Time Scales Does it Vary? 

Are the Variations Periodic or Aperiodic? 

How Do Different Energy Bands Relate to One Another? 
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Timing Analysis 

Some Questions That We’d Like to Answer: 

 

Does My Source Vary? 

 On What Time Scales Does it Vary? 

 Are the Variations Periodic or Aperiodic? 

 How Do Different Energy Bands Relate to One Another? 
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Variability Test: Kolmogorov-Smirnov 

The first Questions That We’d Like to Answer: 

 

 

Does My Source Vary? 
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Does My Source Vary? 

 Simplest Measure of Variability: 
The root-mean-square variability – r.m.s.  
(the same as standard deviation): 

 

 

 

 Also, it is common to quote  
the fractional r.m.s., r.m.s./<RATE> 

 

 

 Limit: the above def. is bin-size dependent (i.e. We miss 
any variations smaller than our time bin size) 
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Variability Test: Chi-Square Test 

 Hypothesis: the source is intrinsically constant 

Can I reject this hypothesis?   

Chi-square statistic 

 

 If measurements are gaussian (!), the statistic 
should have a chi-square distribution with (N-1) 
degrees of freedom. 

 We can calculate the statistic, compare to tabulated 
values, and compute confidence in our hypothesis. 
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Does My Source Vary? 

 X-ray Astronomy Warning: Because we are 
counting individual photons, the relevant statistics 
are Poisson, not Gaussian, so we EXPECT some 
variation even if the source has a constant intrinsic 
intensity. 

 The assumption of Gaussian statistics eventually 
fails, when the number of counts per bin is less 
than ~10, and Chi-Square Test is no longer useful. 
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Variability Test: Kolmogorov-Smirnov 

 

 Is cumulative arrival 
time consistent with 
constant rate?  
 
-or-  
 

 Is distribution of times 
in-between events 
consistent? 
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Variability Test: The H-test 

 The H-test is a test for sparse (“arrival time”) data that is good 
at testing for general periodicities.  

 Let t1 ... tN be the set of arrival times of your data. Using the 
assumed period, calculate the phase φi of each event.  

 Define: 𝛼𝑘 =
1

𝑁
 cos k 𝜑𝑖
𝑁
𝑖=1   and  𝛽𝑘 =

1

𝑁
 sin k 𝜑𝑖
𝑁
𝑖=1  

 Now define: 

𝑍  𝑚
2 =  2𝑁 (𝛼𝑘

2 + 𝛽𝑘
2) 

𝑚

𝑘=1

 

 Finally define H as: 
𝐻 ≡ max

1≤𝑚≤20
(𝑍  𝑚
2 − 4𝑚 + 4) 
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Variability Test: The H-test 

 Under the null hypothesis, up to about H of 23,  
H has the distribution  

 

Prob(H>h)=exp[0.398h] 

 

 The H-test basically considers fitting the phase diagram with varying 
number of Fourier components, finds a “best fit” of sorts, and tests on 
that. This means it’s good for anything between broad pulses and very 
narrow ones (up to about 1/20th of the width of the phase peak). 

 As with other periodicity statistics, it can be applied in a scan across a 
frequency range if you account for the trials factor associated with 
testing many, not entirely independent, frequencies. Often this is best 
done by Monte Carlo. 
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Variability Test: Bayesian analyses 

 At any given period, 
parameterize the light curve 
by a variable number of bins. 

 For m bins, there are the 
following free parameters: 
frequency/period, phase, 
value in each of the m bins 

 Use a Bayesian analysis to 
compare the probability of 
m=1 vs the probability of 
m=2, m=3, m=4, etc. 
Usually m=12 bins is an 
adequate number.  

Some epoch-folded ”light curves”. 
 
This approach is ideal when you have 
no idea what the light curve should 
look like. 
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Variability Test: Bayesian analyses 

 Occam’s factors penalize 
models with more bins, so 
the m=1 (no periodicity) 
model is automatically 
preferred unless the data 
demands it. 

 Gregory & Loredo (1992, 
ApJ, 398, p. 146) - 
Determines Optimal 
Uniform Binning. 

 Bayesian Blocks (J. Scargle) 
-Determines Optimal Non-
uniform Binning. 
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Does My Source Vary? 

 

 Limits: 

 This method cannot isolate 
particular timescales of interest. 

 If we are interested in faster 
time scales (higher frequencies), 
we must make a light curve with 
smaller time bins 

 So far, our analysis has focused 
on the total variability in a light 
curve. 

 TOTAL variability (r.m.s.) does 
not capture the full info. Its 
time-scale is important as well. 

 

 

All light curves 
have 50% 
fractional r.m.s. 
variability 
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Power Spectrum 
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Power Spectrum 

 Know Your Normalization!!!  
 “One-sided” Leahy (mean power = 2): Pj = 2|aj|

2/Nph 

 “One-sided” (RMS/mean)2/Hz: Pj = 2|aj|
2/(Nph < Rate >) 

 

 Uniform sampling: 

 The highest frequency is the Nyquist frequency, νNy= 
𝑁

2𝑇
 

 Time step, t=T/N 

 Frequency step, ν=1/T 

 

 Advantages of non-uniform sampling: 
 Nyquist cutoff is not a hard limit anymore! 
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What when we don’t know the shape of the signal? 

 The “Phase Dispersion Minimization” (PDM) and similar 
techniques: bin the data modulo the period. The result is a 
phase diagram. Then test a chi-square test for flat! 

 

 If you did know the shape of the light curve, you should 
instead fit the light curve to the phase diagram and test 
whether the amplitude is consistent with zero. 
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Detrending 

 Trend in a time series is a slow, gradual change in 
some property of the series over the whole interval 
under investigation.  

 

 Trend is sometimes defined as a long term change in 
the mean, but can also refer to change in other 
statistical properties.  

 

  Detrending is the statistical or mathematical 
operation of removing trend from the series.  

226 



Detrending 
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Detrending 

 In studying and removing trend, it is important to 
understand the effect of detrending on the spectral 
properties of the time series. This effect can be summarized 
by the frequency response of the detrending function.  
 

 Many alternative methods are available for detrending:  
 A simple and widely used function of time is the least-squares-fit 

straight line, which assumes linear trend.  
 Other functions of time (e.g., quadratic) might be better depending 

on the type of data.  
 An alternative to fitting a curve to the entire time series (curve 

fitting) is to fit polynomials of time to different parts of the time 
series.  

 Sometimes the mathematical form of the trend function has physical 
basis.  
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Detrending 

Original light curve 
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Detrending 

The least-squares-fit 
straight line to the light 
curve 
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Detrending 

Detrended light curve 
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Detrending 

 Identification of trend in a time series is subjective 
because trend cannot be unequivocally distinguished 
from low frequency fluctuations. What looks like trend in 
a short segment of a time series segment often proves to 
be a low-frequency fluctuation – perhaps part of a cycle –   
in the longer series.  

 

 We can view the entire observed time series as a segment 
of an unknown infinitely long series, and cannot be sure 
that an observed change in mean over that segment is 
not part of some low-frequency fluctuation imparted by a 
stationary process.  
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Decoherence 

 DFT and simple epoch-folding searches require the 
single be coherent throughout the interval being 
considered 

 But, this might not be the case because of: 

 Orbital Doppler shifts from a binary system 

 Intrinsic period derivative of the source 

 Satellite or Earth motion that isn’t fully compensated for 

 Searching still possible with several techniques: 

 Wavelets and Sliding Periodograms! 
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Decoherence 

 Orbital Motion: Doppler effect in a circular orbit: (eccentricity 
terms have to be added in the real life analysis!) 

 Orbital motion easily washes out a fast signal in a close orbital 
system: 

 

 

 Use shorter time intervals in this case! 
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Decoherence 

Test: artificial time series consists of seven simulated signals: 
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Decoherence 

Plots of the test functions F3 (upper), F4 
(middle) and F5 (bottom) shifted by 0.1 in 
the y-direction. 

The Lomb–Scargle power spectrum (upper 
panel) and the scalogram (bottom panel) of 
the artificial time series. Frequency position 
of test functions is shown by F1, …, F7. 
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Decoherence 
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Detection against ‘non-Poisson noise powers’ 

 When searching for a 
signal, always check what 
is the distribution of the 
‘background noise 
powers’ 

 Use χ2 distribution 
scaled to local mean 
power to set detection 
level and evaluate 
significances 
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PSD Model Fitting 

 After subtracting Poisson 
level, you can fit models. 

 Popular choice currently 
is a sum of Lorentzians 
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PSD Model Fitting 
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PSD Model Fitting 
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PSD Model Fitting 
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The END 


