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In the most well-studied model, the disk is assumed to be
physically thin and optically thick. This allows the maximum
amount of heat to radiate away from the surface of the disk
before matter falls into the accreting star.
We also assume a stationary (steady) disk - the physical
quantities in a disk do not change with time.
Important, stationarity does not mean that there is no flow, for
instance in radial direction in a disk. The only requirement is
that this flow proceeds in such a manner that the physical
quantities, like the surface density Σ and the radial velocity VR
remain unchanged. In other words: stationarity means that the
time derivatives in the equations vanish.
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The angular momentum problem
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How does the accreting matter lose its angular momentum?
 Angular momentum is strictly conserved!
 Gas must shed its angular momentum for it to be actually
accreted.
 Suppose that there is some kind of “viscosity” in the disk





Different annuli of the disk rub against each other and exchange
angular momentum
Results in most of the matter moving inwards and eventually accreting
Angular momentum carried outwards by a small amount of material

Process producing this “viscosity” might also be dissipative…
could turn gravitational potential energy into heat (and
eventually radiation)
Interacting Binary Stars

Viscous accretion disks
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Disk self-gravitation is negligible so material in differential or Keplerian
rotation with angular velocity ΩK(R).
Consider two consecutive rings of the accretion disk.
If ν is the kinematic viscosity for rings of gas rotating, the torque exerted by
the outer ring on the inner ring will be

𝑄 𝑅 =

2π𝑅 ℎ𝜌ν𝑅2

𝑑Ω
𝑑𝑡

= ℎ𝜌 is the surface density with ℎ (scale height) measured in the z direction.
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Viscous accretion disks
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Each ring has two plane faces of area 4pRdR, so the radiative
dissipation from the disk per unit area is
𝑄 𝑑Ω 1
𝑑Ω
𝐷 𝑅 =
= νΣ 𝑅
4π𝑅 𝑑𝑡 2
𝑑𝑡



2

Evaluating for circular Keplerian orbits:
9 𝑄𝑀
𝐷 𝑅 = νΣ 3
8
𝑅
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Viscous accretion disks
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From a consideration of radial mass and angular momentum
flow in the disk, it can be shown (Frank, King & Raine) that
𝑀
𝑅∗
νΣ =
1−
3π
𝑅



1/2

We then have:
3𝐺𝑀𝑀
𝑅∗
𝐷 𝑅 =
1−
3
8π𝑅
𝑅

1/2

and hence the radiation energy flux through the disk faces is
independent of viscosity
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Viscous accretion disks
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The total disk luminosity is

i.e., half the gravitational energy released in accreting the gas to
radius R*. The remaining gravitational energy goes into rotational
energy, which may be either dissipated in a boundary layer or sucked
into a black hole.
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Accretion Disk Temperature Structure
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If the accretion disk is
optically thick, it can be
considered as rings or
annuli of blackbody
emission.
Dissipation rate, D(R) is

𝐷 𝑅 =

3𝐺𝑀𝑀
8π𝑅3

1−

𝑅∗ 1/2
𝑅

= blackbody flux
= 𝜎𝑇(𝑅)4
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Accretion Disk Temperature Structure
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Thus temperature as a function of radius T(R):
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Accretion Disk Temperature Structure
108





In dwarf novae in outburst and long-period novalikes, this
simple 𝑅−3/4 radial temperature profile is indeed observed.
In quiescent dwarf novae a much flatter profile is observed.
This is thought to be because the disk does not achieve a
steady state in quiescence.
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Accretion Disk Spectrum
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Integrating the blackbody spectrum over radius gives the
predicted spectrum of an optically thick, geometrically thin,
steady-state accretion disk

We now have the shape of the spectrum over
most of its range:
1
𝑆𝜈 ∝ 𝜈 3
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Accretion Disk Spectrum
110

Theoretical Spectrum of an AD

Contributions of BB annuli to the
total intensity distribution of an AD
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Accretion Disk Spectrum
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Note, though, that the low- and high-frequency ends will have
a different form:


From the outer edge of the disc we will see the Rayleigh-Jeans tail
of Touter

𝑆𝜈 ∝ 𝜈 2



From the inner edge, an exponential cut-off

𝑆𝜈 ∝ 𝑒 −ℎ𝜈/𝑘𝑇𝑖𝑛𝑛𝑒𝑟
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Accretion Disk Thickness
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Assume that there is no motion in the z-direction, the hydrostatic equilibrium
equation is

For a thin disk (z≪R) this becomes
We can relate P and ρ via the sound speed in the gas dP=cs2 dρ, and then
integrate to ﬁnd that the density in the disk falls off exponentially with
height

with a height scale factor given by

𝑐𝑆2 𝑅3
2
ℎ ≅
𝐺𝑀
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Accretion Disk Thickness (cont.)
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The scale height can be re-written in terms of the rotational velocity:
𝑉𝑟𝑜𝑡 =





2 2
𝑐
𝑅
𝑆
ℎ2 ≅ 2
𝑉𝑟𝑜𝑡

𝐺𝑀
𝑅

If we have R ≫ h we must have 𝑽𝟐𝒓𝒐𝒕 ≫ 𝒄𝟐𝑺 and so the rotation of the disk is
highly supersonic.
Lets re-write the scale height again:

ℎ
𝑐𝑆
≅
𝑅 𝑉𝑟𝑜𝑡
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Viscous accretion disks
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Normal “molecular/atomic” viscosity fails to provide required
angular momentum transport by many orders of magnitude!
What gives rise to viscosity?
Source of anomalous viscosity was a major puzzle in accretion
disk studies!
Long suspected to be due to some kind of turbulence in the
gas… Shakura & Sunyaev (1973) introduced the “α-disk"
parameterization :
where cS is the sound speed, h is the disk scale height (a function of radius),
and α is a dimensionless constant.



Typical models of disks have α~ 0.01- 0.1
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Viscous accretion disks
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For specified α, one can completely solve for the structure of a
(steady-state or time-dependent) accretion disk. However, the
assumption that α is constant with radius, with time, or from one
accretion disk to another is nothing more than an assumption.
20 years of accretion disk studies were based on this “alphaprescription”…
While the notion of “turbulent viscosity" is intuitively appealing,
detailed studies suggest that hydrodynamic mechanisms alone
will not produce sustained turbulence in differentially rotating
disks.
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Gravitational (in)stability
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The magnetorotational instability
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The magnetorotational instability
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Major breakthrough in 1991… Steve Balbus and John Hawley
(re)-discovered a powerful magneto-hydrodynamic (MHD)
instability
 Called magnetorotational instability (MRI)
 MRI will be effective at driving turbulence
 Turbulence transports angular momentum in just the right
way needed for accretion
Rough idea: MHD instabilities in a differentially rotating,
magnetized disk drive turbulence, which in turn produces
viscosity.
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Structure of the standard α-disk
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Properties of the thin,
Steady-State accretion disk
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ℎ
𝑅

≅

𝑐𝑆
𝑉𝑟𝑜𝑡



Thickness:



Surface density (kg/m2): Σ =






+∞
𝜌 𝑑𝑧
−∞

= 2𝜋𝜌0 ℎ

Viscosity (alpha model – hides uncertain physics): 𝜈 ≡ 𝛼𝑐𝑆 ℎ
Temperature: T ( R)  T* R / R* 3 / 4
The radial velocity is highly subsonic:
𝑀
3𝜈
𝜈
ℎ
𝑉𝑅 =
=
~ ~𝛼𝑐𝑆 ≪ 𝑐𝑆
1/2
2𝜋𝑅Σ
𝑅
𝑅
𝑅∗
2𝑅 1 −
𝑅
𝑀
𝑅∗
νΣ =
1−
3π
𝑅

1/2
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Accretion disk typical timescales:
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Dynamical timescale – the timescale on which inhomogeneities
on the disk surface rotate, or hydrostatic equilibrium in the
vertical direction is established:
𝑅
𝑡𝑑𝑦𝑛~
~ Ω−1
𝐾
𝑉𝑟𝑜𝑡
Viscous timescale, the timescale on which matter diffuses
through the disk under the effect of viscous torques:
𝑅 𝑅2
𝑡𝑣𝑦𝑠𝑐 ~ ~
𝑉𝑅 𝜈
Thermal timescale, the timescale for re-adjustment to thermal
equilibrium:

Σ𝑐𝑆2
𝑡𝑡ℎ~
~(ℎ/𝑅)2 𝑡𝑣𝑦𝑠𝑐
𝐷(𝑅)
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Steady accretion disks:
confrontation with observation
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Inner regions:
 closely



related to the compact star.

Outer regions:
 radiating



predominantly in optical and IR.

To study the outer regions of the disks
observationally, we require that the light in one or
more of these parts of the spectrum is dominated
by the disk contribution.
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